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我々はどこから来たのか
D‘où venons-nous ? Que sommes-nous ? Où allons-nous ?    P. Gouguin, 1897



2006年のWMAPのプレスリリースより

https://ja.wikipedia.org/wiki/WMAP


http://chandra.harvard.edu/graphics/resources/illustrations/pie.jpg
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反物質はいない！
（なぜ？）
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この宇宙には反物質がほとんどない
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初期宇宙は⾮常に⾼温で、物質も反物質も同じくらいあったはず
今の宇宙には反物質がほとんどない

⇒反物質は電荷以外の性質もほんの少し違う……？



サハロフの３条件

1.バリオン数(B)の破れ

2.CとCPの破れ

3.熱平衡の破れ

宇宙に物質だけが残るための理論的条件
A. Sakharov, ʻ67
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1. バリオン数とその破れ
バリオン≡クォーク３つが強い⼒で結合した粒⼦

Bの破れ：(反)バリオンの数が保存しない過程

例：陽⼦崩壊

p n

B保存だと
#(物質)=#(反物

質)



2. CとCPの破れ
C（荷電共役）≡粒⼦と反粒⼦の間の対称性

＋

−
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World C



2. CとCPの破れ
P（空間反転）≡ (x,y,z) → (-x, -y, -z)
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2. CとCPの破れ
CP≡C×P
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C or CP保存
だと対消滅
or 数が相殺



サハロフの３条件

1.バリオン数(B)の破れ

2.CとCPの破れ

3.熱平衡の破れ

宇宙に物質だけが残るための理論的条件
A. Sakharov, ʻ67



サハロフの３条件

1.バリオン数(B)の破れ

2.CとCPの破れ

3.熱平衡の破れ
＝温度や圧⼒が均⼀でない

宇宙に物質だけが残るための理論的条件
A. Sakharov, ʻ67



サハロフの３条件：標準模型では？
宇宙に物質だけが残るための理論的条件
標準模型では３つの条件を満たせる(かも)が、
宇宙のバリオン量をぜんぜん説明できない



サハロフの３条件：標準模型では？
宇宙に物質だけが残るための理論的条件

我々の起源 → 標準模型を超える物理

標準模型では３つの条件を満たせる(かも)が、
宇宙のバリオン量をぜんぜん説明できない
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素粒⼦標準模型 http://www.u-tokyo.ac.jp/ja/utokyo-research/
feature-stories/atlas2012/ より引⽤



世代と世代混合 http://www.u-tokyo.ac.jp/ja/utokyo-research/
feature-stories/atlas2012/ より引⽤

クォークレプトンは３世代あり、種類が⼊れ替わる
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http://www.u-tokyo.ac.jp/ja/utokyo-research/
feature-stories/atlas2012/ より引⽤

クォークレプトンは３世代あり、種類が⼊れ替わる

2008



なぜニュートリノ → 宇宙？

質量(と混合)がゼロでないときニュートリノ振動が起きる

•実験：質量が⾮常に⼩さいが、新たなCPの破れをもつ

•理論：シーソー機構によりレプトン数が破れる
右巻きνRは⾮常に⼤きな質量→宇宙初期で影響



実験：ニュートリノ振動
Yahooニュースより
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実験：ニュートリノ振動
Yahooニュースより

ニュートリノ1,2,3の⽐率が変わる → 種類が変わる



ニュートリノ振動は「うなり」
量⼦論 相対論
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〈ūu+ d̄d〉
f2
π

(8)

MR = mT
Dm

−1
ν mD ,

1



ニュートリノ振動は「うなり」
量⼦論 相対論

ৼΓࢠͷ๏ଇ
ੈք͸ n࣍ݩϑʔϦΤϞʔυ

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0Λબ୒ͨ͠ͱ͖ͷΈɺੈք͔ΒനࠇΛऔΓআ͕͘ࣄग़དྷΔʂʂ

2401౦ঁൃද

ρ ∝ a−3

ρ ∝ a0

hνi = Ei =
√
p2i +m2

i (2)

m1,2 " pi = pͷͱ͖ɺ# p+
m2

i

2p
(3)

ཅ่ࢠյʁ

Γp # g4
m5

p

M4
X

# (4πα)2
m5

p

M4
X

(4)

# (
12

30
)2(

1

1016
)4

1GeV

200MeV fm
# (

2

5
)2(

1

1016
)4

1GeV

0.2GeV 10−15m
3× 108

m

s
(5)

# 0.16× 10−64 × 5× 1015 × 3× 108[1/s] # 2.4× 10−41[1/s], (6)

τp # 4× 1040[s] # 1× 1032[year], (7)

1015GeV ⇒ 1028 year,ͩͱ͏ࢥΜ͚ͩͲʜʜ࿦จͯݟΈΔ͔ʜʜ

0.1 2303 Թઘڀݚձ

UD #
M1 # m2

D1/|(mν)11|
mq(q̄LqR + q̄RqL), q′L = eiαLqL, q′R = eiαRqR
Gell-Mann , Oakes, Renner , 68

m2
π = −mu +md

2
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成果のゆるいまとめ

「宇宙がなぜ物質ばかりなのか」のヒント？

Higgstan.comより
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ディラック位相 δ～ ーπ/2？だが、NOではNovaとT2Kの間にtension
将来、Hyper-KとDUNE実験で精度が向上



ニュートリノ：理論

•シーソー機構
•レプトジェネシス
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•１世代ごとに2~3桁重い
•ニュートリノは10桁以上軽い
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なんで？？
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νRの重い質量MRでνLを⾃然に軽くする機構
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MRは粒子と
反粒子の

間の（マヨラ
ナ）質量

⇒ レプトン数
が破れる



右巻きニュートリノ νR

νR ⇒  一石三鳥！
1. シーソー機構 MR〜1014GeV ⇒ mν〜0.01 eV

2. レプトジェネシス 宇宙のバリオンを⽣成

3. ⼤統⼀理論 M〜1016GeVで多重項を形成

（東⼤ 濱⼝さんより）
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右巻きニュートリノ νR
•重いνRは宇宙初期には多数存在

•マヨラナ質量 MR νR νR
cのおかげで粒⼦↔反粒⼦

• CPを破る崩壊 ⇒レプトン数 ≠ 反レプトン数

（東⼤ 濱⼝さんより）
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右巻きニュートリノ νR （東⼤ 濱⼝さんより）

νR ≠ νR
e e

h h
CPVや右巻きニュートリノの質量の評価がすごく重要

•重いνRは宇宙初期には多数存在

•マヨラナ質量 MR νR νR
cのおかげで粒⼦↔反粒⼦

• CPを破る崩壊 ⇒レプトン数 ≠ 反レプトン数



1,2 のまとめ

•宇宙に物質だけが残るためにはBやCPの破れが必要

•ニュートリノは標準模型を超える物理を探る重要な鍵

•地上の実験＋理論でLやCPの破れがわかる
→宇宙の振る舞いや物質の起源を議論できる



もくじ

1. 消えた反物質の謎

2. ニュートリノで迫る物質の起源

3. ⼤統⼀理論との不整合性（最近の研究）
2304.04513

Phys.Lett.B 843 (2023) 138061

https://arxiv.org/abs/2304.04513


type-I シーソー機構におけるニュートリノ質量に対する
カイラル摂動論的関係とレプトジェネシスへの制限
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where (m−1
ν )−1

αβ denotes an inverse matrix of (m−1
ν ) when it is restricted to the 2-3 submatrix. By the

simple normalization mD1 ∼ mu,d,e ∼ 1MeV and |(mν)11| ∼ 1meV,

M1 "
( mD1
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)2
(

1meV

|(mν)11|

)

106GeV . (22)

III. APPLICABLE LIMIT OF PERTURBATIVITY

This mass relation diverges in the limit of (mν)11 → 0, indicating that the perturbation theory is not

valid for too small (mν)11. Since this limit corresponds to detm−1
ν = 0 and M (0)

2 (orM (0)
3 ) = 0, the second

(or third) term in Eq. (15) causes the divergence. First, let us consider the applicability of the chiral
perturbation theory from general observation. By using dimensionless parameters εL,R representing the
chiral symmetry breaking of mν and MR, Eq. (3) is denoted as
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

 , (23)

where O(1) coefficients are omitted. Because of the constraint εR εL ∝ mD1, the smaller breaking
parameter εL yields the larger εR. Therefore, for the approximate chiral symmetry of MR to be a
good description, the smallness of mD1 must not be cancelled by m−1

ν . This property is due to the
commutativity of the left and right chiral transformations in the diagonalized basis of mD.
More specifically, this validity of the perturbation theory can be shown as conditions on the matrix

elements. To this end, we examine another mass relation of M2 by a similar perturbative analysis for
mD2 & mD3;
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where det′ denotes a minor determinant restricted to 1-2 submatrix. A normalization for mD2 ∼ 100MeV
leads to
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Indeed, the limit of m11 → 0 yields M2 → 0 and breaks the perturbation theory (of the first generation).
Conditions to prevent such a breakdown are
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In order to make M1 larger, (mν)11 and det′ mν in Eq. (26) must be small simultaneously. In this case,
the 1-2 submatrix of mν approaches singular;

mν ∼ (mν)22


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

 , (27)

where ε ∼
∣

∣

∣
(mν)11/

√

det′ mν

∣

∣

∣
is a small dimensionless parameter and O(1) coefficients are ignored. Since

the perturbability for M1/M3 provides a similar restriction for the 1-3 element, a heavy M1 requires that
m−1

ν compensates for the smallness of mD1 as

m−1
ν ∼





ε−2 ε−1 δ−1

ε−1 ∗ ∗
δ−1 ∗ ∗


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〜⼆重ベータ崩壊の有効質量mee

type-I シーソー機構におけるニュートリノ質量に対する
カイラル摂動論的関係とレプトジェネシスへの制限

最も軽い右巻き
ニュートリノ質量

Dirac質量⾏列mDの質量（特異値）が mD1 ≪ mD2,3 を満たすとき、
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III. APPLICABLE LIMIT OF PERTURBATIVITY

This mass relation diverges in the limit of (mν)11 → 0, indicating that the perturbation theory is not

valid for too small (mν)11. Since this limit corresponds to detm−1
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3 ) = 0, the second
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where O(1) coefficients are omitted. Because of the constraint εR εL ∝ mD1, the smaller breaking
parameter εL yields the larger εR. Therefore, for the approximate chiral symmetry of MR to be a
good description, the smallness of mD1 must not be cancelled by m−1

ν . This property is due to the
commutativity of the left and right chiral transformations in the diagonalized basis of mD.
More specifically, this validity of the perturbation theory can be shown as conditions on the matrix

elements. To this end, we examine another mass relation of M2 by a similar perturbative analysis for
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where det′ denotes a minor determinant restricted to 1-2 submatrix. A normalization for mD2 ∼ 100MeV
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Indeed, the limit of m11 → 0 yields M2 → 0 and breaks the perturbation theory (of the first generation).
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In order to make M1 larger, (mν)11 and det′ mν in Eq. (26) must be small simultaneously. In this case,
the 1-2 submatrix of mν approaches singular;
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Dirac質量⾏列mDの質量（特異値）が mD1 ≪ mD2,3 を満たすとき、

⇒ NH(m3>m1)ならM1〜100 TeV, IH(m1>m3)ならM1〜10 TeV.
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in the type-I seesaw mechanism

Masaki J. S. Yang1, ∗

1Department of Physics, Saitama University,
Shimo-okubo, Sakura-ku, Saitama, 338-8570, Japan

In this letter, we perform a perturbative analysis by the lightest singular value mD1 of the Dirac
mass matrix mD in the type-I seesaw mechanism. A mass relation M1 = m2

D1/|(mν)11| is obtained
for the lightest mass M1 of the right-handed neutrino νR1 and the mass matrix of the left-handed
neutrinos mν in the diagonal basis of mD. This relation is rather stable under renormalization
because it is gauge-invariant in the SM and associates with the approximate chiral symmetry of
νR1.

If diagonalization of the Yukawa matrices of leptons Yν,e has only small mixings, the element
(mν)11 is close to the effective mass mee of the neutrinoless double beta decay. By assuming
mD1 ! mu,e ! 0.5 MeV, the lightest mass is about M1 ! O(100) TeV in the normal hierarchy and
M1 ∼ O(10) TeV in the inverted hierarchy. Such a νR1 with a tiny Yukawa coupling yν1 ∼ O(10−5)
can indirectly influence various observations.

On the other hand, the famous bound of the thermal leptogenesis M1 ! 109 GeV that requires
mD1 ! 30 MeV seems to be difficult to reconcile with a simple unified theory without a special
condition.

I. INTRODUCTION

Chiral symmetries have played an important role in the development of particle physics [1–3]. Even
in the flavor physics, chiral symmetries are associated with small fermion masses of the Standard Model
(SM). Due to the tiny singular values of the first generation, diagonalized Yukawa matrices Y diag

u,d,e have
approximate chiral symmetries U(1)1L × U(1)1R;

R(θL)Y
diag
u,d,eR(θR) " Y diag

u,d,e , (1)

where R(θ) ≡ diag(eiθ , 1 , 1) and θL,R are arbitrary real parameters.
Breaking of these chiral symmetries is sufficiently small because the ratios of SM fermion masses mf

for a given renormalization scale are about O(10−2) [4],

mu

mc
∼

1

500
,

md

ms
∼

1

20
,

me

mµ
∼

1

200
. (2)

With some grand unified theories in mind, it is natural to assume that the Dirac mass matrix mD also
has such approximate chiral symmetries. Thus, in this letter, we perform a chiral perturbative analysis
[5] by the smallest singular value mD1 of mD in the type-I seesaw mechanism [6–9].

II. CHIRAL PERTURBATIVE ANALYSIS BY mD1

For the singular value decomposition (SVD) mD = UDmdiag
D V T

D , it does not lose generality to consider
the diagonal basis of mD by field redefinitions of unitary matrices UD and VD [10]. If the mass matrix
mν of left-handed neutrinos νLi is regular and invertible, the mass matrix MR of right-handed neutrinos

∗Electronic address: mjsyang@mail.saitama-u.ac.jp
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has such approximate chiral symmetries. Thus, in this letter, we perform a chiral perturbative analysis
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⇒
単純な⼤統⼀理論では、M1によるバリオン⽣成は難しい

type-I シーソー機構におけるニュートリノ質量に対する
カイラル摂動論的関係とレプトジェネシスへの制限

Dirac質量⾏列mDの質量（特異値）が mD1 ≪ mD2,3 を満たすとき、

⇒ NH(m3>m1)ならM1〜100 TeV, IH(m1>m3)ならM1〜10 TeV.

〜⼆重ベータ崩壊の有効質量mee
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•クォークレプトンの質量は世代ごとにだいたい同じ
•ニュートリノはディラック質量mDが対応

Feruglioʼs slideより
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νRの重い質量MRでνLを⾃然に軽くする機構

質量⾏列 (MR >> mD) 対⾓化によって

ৼΓࢠͷ๏ଇ
ੈք͸ n࣍ݩϑʔϦΤϞʔυ

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0Λબ୒ͨ͠ͱ͖ͷΈɺੈք͔ΒനࠇΛऔΓআ͕͘ࣄग़དྷΔʂʂ

2401౦ঁൃද

mD = 1MeV → 100GeV (2)

MR = 109GeV → 1014GeV (3)

M =
(
ν̄L ν̄cR

)( 0 mD

mT
D MR

)(
νcL
νR

)
, mν = −mDM

−1
R mT

D (4)

ρ ∝ a−3

ρ ∝ a0

hνi = Ei =
√

p2i +m2
i (5)

m1,2 $ pi = pͷͱ͖ɺ% p+
m2

i

2p
(6)

ཅ่ࢠյʁ

Γp % g4
m5

p

M4
X

% (4πα)2
m5

p

M4
X

(7)

% (
12

30
)2(

1

1016
)4

1GeV

200MeV fm
% (

2

5
)2(

1

1016
)4

1GeV

0.2GeV 10−15m
3× 108

m

s
(8)

% 0.16× 10−64 × 5× 1015 × 3× 108[1/s] % 2.4× 10−41[1/s], (9)

τp % 4× 1040[s] % 1× 1032[year], (10)

1015GeV ⇒ 1028 year,ͩͱ͏ࢥΜ͚ͩͲʜʜ࿦จͯݟΈΔ͔ʜʜ

1

ৼΓࢠͷ๏ଇ
ੈք͸ n࣍ݩϑʔϦΤϞʔυ

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0Λબ୒ͨ͠ͱ͖ͷΈɺੈք͔ΒനࠇΛऔΓআ͕͘ࣄग़དྷΔʂʂ

2401౦ঁൃද

mD = 1MeV → 100GeV (2)

MR = 109GeV → 1014GeV (3)

M =
(
ν̄L ν̄cR

)( 0 mD

mT
D MR

)(
νcL
νR

)
, mν = −mDM

−1
R mT

D (4)

ρ ∝ a−3

ρ ∝ a0

hνi = Ei =
√
p2i +m2

i (5)

m1,2 $ pi = pͷͱ͖ɺ% p+
m2

i

2p
(6)

ཅ่ࢠյʁ

Γp % g4
m5

p

M4
X

% (4πα)2
m5

p

M4
X

(7)

% (
12

30
)2(

1

1016
)4

1GeV

200MeV fm
% (

2

5
)2(

1

1016
)4

1GeV

0.2GeV 10−15m
3× 108

m

s
(8)

% 0.16× 10−64 × 5× 1015 × 3× 108[1/s] % 2.4× 10−41[1/s], (9)

τp % 4× 1040[s] % 1× 1032[year], (10)

1015GeV ⇒ 1028 year,ͩͱ͏ࢥΜ͚ͩͲʜʜ࿦จͯݟΈΔ͔ʜʜ

1



シーソー機構

77

Minkowski ʻ77, Yanagida, ʻ79

νRの重い質量MRでνLを⾃然に軽くする機構

質量⾏列 (MR >> mD) 対⾓化によって

ৼΓࢠͷ๏ଇ
ੈք͸ n࣍ݩϑʔϦΤϞʔυ

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0Λબ୒ͨ͠ͱ͖ͷΈɺੈք͔ΒനࠇΛऔΓআ͕͘ࣄग़དྷΔʂʂ

2401౦ঁൃද

mD = 1MeV → 100GeV (2)

MR = 109GeV → 1014GeV (3)

ρ ∝ a−3

ρ ∝ a0

hνi = Ei =
√
p2i +m2

i (4)

m1,2 # pi = pͷͱ͖ɺ$ p+
m2

i

2p
(5)

ཅ่ࢠյʁ

Γp $ g4
m5

p

M4
X

$ (4πα)2
m5

p

M4
X

(6)

$ (
12

30
)2(

1

1016
)4

1GeV

200MeV fm
$ (

2

5
)2(

1

1016
)4

1GeV

0.2GeV 10−15m
3× 108

m

s
(7)

$ 0.16× 10−64 × 5× 1015 × 3× 108[1/s] $ 2.4× 10−41[1/s], (8)

τp $ 4× 1040[s] $ 1× 1032[year], (9)

1015GeV ⇒ 1028 year,ͩͱ͏ࢥΜ͚ͩͲʜʜ࿦จͯݟΈΔ͔ʜʜ

0.1 2303 Թઘڀݚձ

UD $
M1 $ m2

D1/|(mν)11|
mq(q̄LqR + q̄RqL), q′L = eiαLqL, q′R = eiαRqR
Gell-Mann , Oakes, Renner , 68

m2
π = −mu +md

2
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対⾓化によって



シーソー機構を逆に眺めると、MRを再構成できる

•Det mn ≠ 0 (m1 or m3 ≠ 0) ⇒ mD1 → 0の極限でM1→ 0
•このときカイラル対称性が存在
•観測と⽭盾するので実際には有限

1. Type-I seesaw機構とカイラル対称性
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Chiral perturbative relation for neutrino masses

in the type-I seesaw mechanism

Masaki J. S. Yang1, ∗

1Department of Physics, Saitama University,
Shimo-okubo, Sakura-ku, Saitama, 338-8570, Japan

In this letter, we perform a perturbative analysis by the lightest singular value mD1 of the Dirac
mass matrix mD in the type-I seesaw mechanism. A mass relation M1 = m2

D1/|(mν)11| is obtained
for the lightest mass M1 of the right-handed neutrino νR1 and the mass matrix of the left-handed
neutrinos mν in the diagonal basis of mD. This relation is rather stable under renormalization
because it is gauge-invariant in the SM and associates with the approximate chiral symmetry of
νR1.

If diagonalization of the Yukawa matrices of leptons Yν,e has only small mixings, the element
(mν)11 is close to the effective mass mee of the neutrinoless double beta decay. By assuming
mD1 ! mu,e ! 0.5 MeV, the lightest mass is about M1 ! O(100) TeV in the normal hierarchy and
M1 ∼ O(10) TeV in the inverted hierarchy. Such a νR1 with a tiny Yukawa coupling yν1 ∼ O(10−5)
can indirectly influence various observations.

On the other hand, the famous bound of the thermal leptogenesis M1 ! 109 GeV that requires
mD1 ! 30 MeV seems to be difficult to reconcile with a simple unified theory without a special
condition.

I. INTRODUCTION

Chiral symmetries have played an important role in the development of particle physics [1–3]. Even
in the flavor physics, chiral symmetries are associated with small fermion masses of the Standard Model
(SM). Due to the tiny singular values of the first generation, diagonalized Yukawa matrices Y diag

u,d,e have
approximate chiral symmetries U(1)1L × U(1)1R;

R(θL)Y
diag
u,d,eR(θR) " Y diag

u,d,e , (1)

where R(θ) ≡ diag(eiθ , 1 , 1) and θL,R are arbitrary real parameters.
Breaking of these chiral symmetries is sufficiently small because the ratios of SM fermion masses mf

for a given renormalization scale are about O(10−2) [4],

mu

mc
∼

1

500
,

md

ms
∼

1

20
,

me

mµ
∼

1

200
. (2)

With some grand unified theories in mind, it is natural to assume that the Dirac mass matrix mD also
has such approximate chiral symmetries. Thus, in this letter, we perform a chiral perturbative analysis
[5] by the smallest singular value mD1 of mD in the type-I seesaw mechanism [6–9].

II. CHIRAL PERTURBATIVE ANALYSIS BY mD1

For the singular value decomposition (SVD) mD = UDmdiag
D V T

D , it does not lose generality to consider
the diagonal basis of mD by field redefinitions of unitary matrices UD and VD [10]. If the mass matrix
mν of left-handed neutrinos νLi is regular and invertible, the mass matrix MR of right-handed neutrinos

∗Electronic address: mjsyang@mail.saitama-u.ac.jp

が対⾓的な基底において

2

νRi in the type-I seesaw mechanism is reconstructed as

MR = mT
Dm−1

ν mD =





mD1 0 0
0 mD2 0
0 0 mD3



m−1
ν





mD1 0 0
0 mD2 0
0 0 mD3



 , (3)

where mDi are the singular values of mD.
In the limit of mD1 → 0, mD and MR have U(1)1R chiral symmetry associated with the lepton number

of νR1 [11, 12];

mD R(θR) = mD , MR R(θR) = MR . (4)

These conditions are equivalent to mD and MR having no eigenvector components in the massless modes
[13];

mD





1
0
0



 = MR





1
0
0



 =





0
0
0



 . (5)

Conversely, if MR has a certain chiral symmetry, mD has the same symmetry [13]. The proof is as
follows. SVDs of two matrices (with rank two) MR = VMdiag

R V T and mD = UDmdiag
D V T

D lead to

V





0 0 0
0 M2 0
0 0 M3



V T = VD





0 0 0
0 mD2 0
0 0 mD3



UT
Dm−1

ν UD





0 0 0
0 mD2 0
0 0 mD3



V T
D , (6)

where Mi are singular values of MR. By performing production of matrices between two mdiag
D ,





0 0 0
0 M2 0
0 0 M3



 = V †VD





0 0 0
0 ∗ ∗
0 ∗ ∗



V T
D V ∗ , (7)

where ∗ denotes any matrix element. Since this is also a SVD of MR, V †VD must be a unitary matrix in
the 2-3 subspace;

V †VD =





1 0 0
0 ∗ ∗
0 ∗ ∗



 . (8)

Therefore, the first eigenvector of V and VD coincide in this limit, and the two mass matrices share
the same chiral symmetry. Of course this U(1)1R symmetry must be broken because the massless νR1

contradicts observations.
On the other hand, it appears unreasonable that the kernels of mD and MR, which can be given

arbitrarily in a model, must coincide. This point can rather be considered as a constraint on the seesaw
mechanism. In the basis where MR is diagonal, a parameterization of mD

mD =





A1 B1 C1

A2 B2 C2

A3 B3 C3



 ≡ (A ,B ,C) , (9)

yields the natural representation [14] of mν given by

mν = mDM−1
R mT

D =
1

M1
A⊗A

T +
1

M2
B ⊗B

T +
1

M3
C ⊗C

T . (10)

If the kernels of mD and MR do not coincide, such as limits Ai → 0 and M2 → 0, the matrix mν have
two extremely different mass scales. If we expect mν to be non-hierarchical, magnitudes of AiAj/M1
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 2303 温泉研究会
mq(q̄LqR + q̄RqL), q′L = eiαLqL, q′R = eiαRqR
Gell-Mann , Oakes, Renner , 68

m2
π = −mu +md

2

〈ūu+ d̄d〉
f2
π

(2)

MR = mT
Dm

−1
ν mD ,

MR =




mD1 0 0

0 mD2 0

0 0 mD3








m11 m12 m13

m12 m22 m23

m13 m23 m33





−1


mD1 0 0

0 mD2 0

0 0 mD3



 , (3)

0.2 2303 学会発表

M−1
R =




M−1

1 0 0

0 M−1
2 0

0 0 M−1
3



 (4)

dY

dt
∝ Y = S Y (5)

(
2 −1 −1

)
m(NH)

D = 0 ,
(
0 1 −1

)
m(IH)

D = 0 , (6)

θ = π

(1− 2u⊗ u†)mD = +mD (7)

P mν = 0 , detMR &= 0 ⇒ P mD = 0

1
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Πの添え字が間違ってたよ！
|DetMR| = M1M2M3 = Π3

i=1m
2
Di |Detm−1

ν | , (4)

| detMR0| = M (0)
2 M (0)

3 = Π3
i=2m

2
Di | detm−1

ν | . (5)

M1 = (MR)11 −
3∑

α,β=2

(MR)1α(M
−1
R0 )αβ(MR)β1 (6)

= m2
D1(m

−1
ν )11 −

3∑

α,β=2

(m−1
ν )1α(m

−1
ν )−1

αβ(m
−1
ν )β1 =

m2
D1

(mν)11
, (7)

0.2 2303 学会発表

M−1
R =




M−1

1 0 0

0 M−1
2 0

0 0 M−1
3



 (8)

dY

dt
∝ Y = S Y (9)

1
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逆⾏列の余因⼦より

3

and BiBj/M2 must be comparable. This means that the chiral symmetries associated with the first
generation must coincide, and moreover, its breaking parameter εR is common to some extent;

A2
i

B2
i

∼
M1

M2
∼ ε2R . (11)

Next we analyze the mass matrix MR (3) treating mD1 as a perturbation. For (MR)ij =
mDi(m−1

ν )ijmDj , let MR0 be the unperturbed mass matrix with mD1 = 0. Clearly matrix elements
of MR0 are limited to the 2-3 submatrix, and a unitary matrix V0 that diagonalizes MR0 rotates the
subspace.
The full matrix MR in the diagonalized basis of MR0 is

V †
0 MRV

∗
0 =





(δ2MR)11 (δMR)12 (δMR)13
(δMR)12 M (0)

2 0

(δMR)13 0 M (0)
3



 ≡ M ′ , (12)

where M (0)
i are the singular values of MR0 without perturbation and

(δ2MR)11 = m2
D1(m

−1
ν )11 , (13)

(δMR)1(2,3) = mD1(m
−1
ν )12mD2(V0)

∗
2(2,3) +mD1(m

−1
ν )13mD3(V0)

∗
3(2,3) . (14)

From these expressions, corrections of the diagonalization occur in the first order of mD1, and the lightest
massM1 does in the second order. As long as the smallness of perturbationmD1 allows the approximation

M2,3 # M (0)
2,3 , the diagonalization of Eq. (12) is evaluated in a similar way to the seesaw mechanism,

M1 #

∣

∣

∣

∣

∣

(δ2MR)11 −
(δMR)212

M (0)
2

−
(δMR)213

M (0)
3

∣

∣

∣

∣

∣

. (15)

This is consistent with a formal solution of perturbed SVD to the second order [13]. Although this

expression diverges in the limit of M (0)
2,3 → 0, the approximation M (0)

2,3 # M2,3 does not hold in this
situation, and the diagonalization must be done correctly. The applicability of this perturbation theory
will be discussed later.
This result can also be considered from another viewpoint. Multiplying Eq. (15) by M (0)

2 M (0)
3 leads to

M1M
(0)
2 M (0)

3 # |M ′
11M

′
22M

′
33 −M ′

12M
′
21M

′
33 −M ′

13M
′
31M

′
22| = |DetM ′| = |DetMR| . (16)

The determinant and the minor determinant detMR0 which is restricted to the heavier two generations
are,

|DetMR| = M1M2M3 = Π3
i=1m

2
Di |Detm−1

ν | , (17)

| detMR0| = M (0)
2 M (0)

3 = Π2
i=1m

2
Di | detm

−1
ν | . (18)

The cofactor of the inverse matrix detm−1
ν = (mν)11/Detmν yields

M1 #

∣

∣

∣

∣

DetMR

detMR0

∣

∣

∣

∣

= m2
D1

∣

∣

∣

∣

Detm−1
ν

detm−1
ν

∣

∣

∣

∣

=
m2

D1

|(mν)11|
. (19)

Therefore, the lightest mass M1 is expressed by the matrix element of mν in the basis where mD is
diagonal. The right-hand side contains a basis-dependent quantity, because the minor determinant is
evaluated in a particular basis.
This relation is equivalent to the result of integrating out heavy neutrinos by ∂L/∂νR2,3 = 0. Removing

the heavy generations like the seesaw mechanism, we obtain

M1 =

∣

∣

∣

∣

∣

∣

(MR)11 −
3

∑

α,β=2

(MR)1α(M
−1
R0 )αβ(MR)β1

∣

∣

∣

∣

∣

∣

(20)

= m2
D1

∣

∣

∣

∣

∣

∣

(m−1
ν )11 −

3
∑

α,β=2

(m−1
ν )1α(m

−1
ν )−1

αβ(m
−1
ν )β1

∣

∣

∣

∣

∣

∣

=
m2

D1

|(mν)11|
, (21)
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and BiBj/M2 must be comparable. This means that the chiral symmetries associated with the first
generation must coincide, and moreover, its breaking parameter εR is common to some extent;

A2
i

B2
i

∼
M1

M2
∼ ε2R . (11)

Next we analyze the mass matrix MR (3) treating mD1 as a perturbation. For (MR)ij =
mDi(m−1

ν )ijmDj , let MR0 be the unperturbed mass matrix with mD1 = 0. Clearly matrix elements
of MR0 are limited to the 2-3 submatrix, and a unitary matrix V0 that diagonalizes MR0 rotates the
subspace.
The full matrix MR in the diagonalized basis of MR0 is

V †
0 MRV

∗
0 =





(δ2MR)11 (δMR)12 (δMR)13
(δMR)12 M (0)

2 0

(δMR)13 0 M (0)
3



 ≡ M ′ , (12)

where M (0)
i are the singular values of MR0 without perturbation and

(δ2MR)11 = m2
D1(m

−1
ν )11 , (13)

(δMR)1(2,3) = mD1(m
−1
ν )12mD2(V0)

∗
2(2,3) +mD1(m

−1
ν )13mD3(V0)

∗
3(2,3) . (14)

From these expressions, corrections of the diagonalization occur in the first order of mD1, and the lightest
massM1 does in the second order. As long as the smallness of perturbationmD1 allows the approximation

M2,3 # M (0)
2,3 , the diagonalization of Eq. (12) is evaluated in a similar way to the seesaw mechanism,

M1 #

∣

∣
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∣
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−
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∣

∣

∣

∣

. (15)

This is consistent with a formal solution of perturbed SVD to the second order [13]. Although this

expression diverges in the limit of M (0)
2,3 → 0, the approximation M (0)

2,3 # M2,3 does not hold in this
situation, and the diagonalization must be done correctly. The applicability of this perturbation theory
will be discussed later.
This result can also be considered from another viewpoint. Multiplying Eq. (15) by M (0)

2 M (0)
3 leads to

M1M
(0)
2 M (0)

3 # |M ′
11M

′
22M

′
33 −M ′

12M
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21M
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13M
′
31M
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22| = |DetM ′| = |DetMR| . (16)

The determinant and the minor determinant detMR0 which is restricted to the heavier two generations
are,
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i=1m

2
Di |Detm−1

ν | , (17)

| detMR0| = M (0)
2 M (0)
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2
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−1
ν | . (18)

The cofactor of the inverse matrix detm−1
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Therefore, the lightest mass M1 is expressed by the matrix element of mν in the basis where mD is
diagonal. The right-hand side contains a basis-dependent quantity, because the minor determinant is
evaluated in a particular basis.
This relation is equivalent to the result of integrating out heavy neutrinos by ∂L/∂νR2,3 = 0. Removing

the heavy generations like the seesaw mechanism, we obtain
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∣

∣

∣
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and BiBj/M2 must be comparable. This means that the chiral symmetries associated with the first
generation must coincide, and moreover, its breaking parameter εR is common to some extent;

A2
i

B2
i

∼
M1

M2
∼ ε2R . (11)

Next we analyze the mass matrix MR (3) treating mD1 as a perturbation. For (MR)ij =
mDi(m−1

ν )ijmDj , let MR0 be the unperturbed mass matrix with mD1 = 0. Clearly matrix elements
of MR0 are limited to the 2-3 submatrix, and a unitary matrix V0 that diagonalizes MR0 rotates the
subspace.
The full matrix MR in the diagonalized basis of MR0 is
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∗
3(2,3) . (14)

From these expressions, corrections of the diagonalization occur in the first order of mD1, and the lightest
massM1 does in the second order. As long as the smallness of perturbationmD1 allows the approximation

M2,3 # M (0)
2,3 , the diagonalization of Eq. (12) is evaluated in a similar way to the seesaw mechanism,
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. (15)

This is consistent with a formal solution of perturbed SVD to the second order [13]. Although this

expression diverges in the limit of M (0)
2,3 → 0, the approximation M (0)

2,3 # M2,3 does not hold in this
situation, and the diagonalization must be done correctly. The applicability of this perturbation theory
will be discussed later.
This result can also be considered from another viewpoint. Multiplying Eq. (15) by M (0)
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Therefore, the lightest mass M1 is expressed by the matrix element of mν in the basis where mD is
diagonal. The right-hand side contains a basis-dependent quantity, because the minor determinant is
evaluated in a particular basis.
This relation is equivalent to the result of integrating out heavy neutrinos by ∂L/∂νR2,3 = 0. Removing

the heavy generations like the seesaw mechanism, we obtain
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where (m−1
ν )−1

αβ denotes an inverse matrix of (m−1
ν ) when it is restricted to the 2-3 submatrix. By the

simple normalization mD1 ∼ mu,d,e ∼ 1MeV and |(mν)11| ∼ 1meV,

M1 "
( mD1

1MeV

)2
(

1meV

|(mν)11|

)
106 GeV . (22)

III. APPLICABLE LIMIT OF PERTURBATIVITY

This mass relation diverges in the limit of (mν)11 → 0, indicating that the perturbation theory is not

valid for too small (mν)11. Since this limit corresponds to detm−1
ν = 0 and M (0)

2 (or M (0)
3 ) = 0, the second

(or third) term in Eq. (15) causes the divergence. First, let us consider the applicability of the chiral
perturbation theory from general observation. By using dimensionless parameters εL,R representing the
chiral symmetry breaking of mν and MR, Eq. (3) is denoted as

MR =


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ε2R εR εR
εR ∗ ∗
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
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


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

 , (23)

where O(1) coefficients are omitted. Because of the constraint εR εL ∝ mD1, the smaller breaking
parameter εL yields the larger εR. Therefore, for the approximate chiral symmetry of MR to be a
good description, the smallness of mD1 must not be cancelled by m−1

ν . This property is due to the
commutativity of the left and right chiral transformations in the diagonalized basis of mD.

More specifically, this validity of the perturbation theory can be shown as conditions on the matrix
elements. To this end, we examine another mass relation of M2 by a similar perturbative analysis for
mD2 & mD3;

M2 " | detmD|2| detm−1
ν |

m2
D3|(m

−1
ν )33|

= m2
D2

∣∣∣∣
detm−1

ν

(m−1
ν )33

∣∣∣∣ = m2
D2
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(mν)11
det′ mν

∣∣∣∣ , (24)

where det′ denotes a minor determinant restricted to 1-2 submatrix. A normalization for mD2 ∼ 100MeV
leads to

M2 ∼
( mD2

100MeV

)2
∣∣∣∣
(mν)11 10meV

det′ mν

∣∣∣∣ 10
9 GeV . (25)

Indeed, the limit of m11 → 0 yields M2 → 0 and breaks the perturbation theory (of the first generation).
Conditions to prevent such a breakdown are
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∣∣∣∣∣ . (26)

In order to make M1 larger, (mν)11 and det′ mν in Eq. (26) must be small simultaneously. In this case,
the 1-2 submatrix of mν approaches singular;

mν ∼ (mν)22




ε2 ε ∗
ε 1 ∗
∗ ∗ ∗



 , (27)

where ε ∼
∣∣∣(mν)11/

√
det′ mν

∣∣∣ is a small dimensionless parameter and O(1) coefficients are ignored. Since

the perturbability for M1/M3 provides a similar restriction for the 1-3 element, a heavy M1 requires that
m−1

ν compensates for the smallness of mD1 as

m−1
ν ∼




ε−2 ε−1 δ−1
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δ−1 ∗ ∗



 , ε " mD1

mD2
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mD3
, (28)
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where (m−1
ν )−1

αβ denotes an inverse matrix of (m−1
ν ) when it is restricted to the 2-3 submatrix. By the

simple normalization mD1 ∼ mu,d,e ∼ 1MeV and |(mν)11| ∼ 1meV,

M1 "
( mD1

1MeV

)2
(

1meV

|(mν)11|

)
106 GeV . (22)

III. APPLICABLE LIMIT OF PERTURBATIVITY

This mass relation diverges in the limit of (mν)11 → 0, indicating that the perturbation theory is not

valid for too small (mν)11. Since this limit corresponds to detm−1
ν = 0 and M (0)

2 (or M (0)
3 ) = 0, the second

(or third) term in Eq. (15) causes the divergence. First, let us consider the applicability of the chiral
perturbation theory from general observation. By using dimensionless parameters εL,R representing the
chiral symmetry breaking of mν and MR, Eq. (3) is denoted as

MR =


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ε2R εR εR
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

 =
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where O(1) coefficients are omitted. Because of the constraint εR εL ∝ mD1, the smaller breaking
parameter εL yields the larger εR. Therefore, for the approximate chiral symmetry of MR to be a
good description, the smallness of mD1 must not be cancelled by m−1

ν . This property is due to the
commutativity of the left and right chiral transformations in the diagonalized basis of mD.

More specifically, this validity of the perturbation theory can be shown as conditions on the matrix
elements. To this end, we examine another mass relation of M2 by a similar perturbative analysis for
mD2 & mD3;

M2 " | detmD|2| detm−1
ν |
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∣∣∣∣
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where det′ denotes a minor determinant restricted to 1-2 submatrix. A normalization for mD2 ∼ 100MeV
leads to
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)2
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(mν)11 10meV

det′ mν

∣∣∣∣ 10
9 GeV . (25)

Indeed, the limit of m11 → 0 yields M2 → 0 and breaks the perturbation theory (of the first generation).
Conditions to prevent such a breakdown are
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In order to make M1 larger, (mν)11 and det′ mν in Eq. (26) must be small simultaneously. In this case,
the 1-2 submatrix of mν approaches singular;

mν ∼ (mν)22




ε2 ε ∗
ε 1 ∗
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

 , (27)

where ε ∼
∣∣∣(mν)11/

√
det′ mν

∣∣∣ is a small dimensionless parameter and O(1) coefficients are ignored. Since

the perturbability for M1/M3 provides a similar restriction for the 1-3 element, a heavy M1 requires that
m−1

ν compensates for the smallness of mD1 as

m−1
ν ∼
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
ε−2 ε−1 δ−1
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
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第１世代のカイラル抑制のパラメーターをεL,Rとすると、
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where (m−1
ν )−1

αβ denotes an inverse matrix of (m−1
ν ) when it is restricted to the 2-3 submatrix. By the

simple normalization mD1 ∼ mu,d,e ∼ 1MeV and |(mν)11| ∼ 1meV,

M1 "
( mD1

1MeV

)2
(

1meV

|(mν)11|

)
106 GeV . (22)

III. APPLICABLE LIMIT OF PERTURBATIVITY

This mass relation diverges in the limit of (mν)11 → 0, indicating that the perturbation theory is not

valid for too small (mν)11. Since this limit corresponds to detm−1
ν = 0 and M (0)

2 (or M (0)
3 ) = 0, the second

(or third) term in Eq. (15) causes the divergence. First, let us consider the applicability of the chiral
perturbation theory from general observation. By using dimensionless parameters εL,R representing the
chiral symmetry breaking of mν and MR, Eq. (3) is denoted as
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where O(1) coefficients are omitted. Because of the constraint εR εL ∝ mD1, the smaller breaking
parameter εL yields the larger εR. Therefore, for the approximate chiral symmetry of MR to be a
good description, the smallness of mD1 must not be cancelled by m−1

ν . This property is due to the
commutativity of the left and right chiral transformations in the diagonalized basis of mD.

More specifically, this validity of the perturbation theory can be shown as conditions on the matrix
elements. To this end, we examine another mass relation of M2 by a similar perturbative analysis for
mD2 & mD3;

M2 " | detmD|2| detm−1
ν |
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D3|(m
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where det′ denotes a minor determinant restricted to 1-2 submatrix. A normalization for mD2 ∼ 100MeV
leads to

M2 ∼
( mD2

100MeV

)2
∣∣∣∣
(mν)11 10meV

det′ mν

∣∣∣∣ 10
9 GeV . (25)

Indeed, the limit of m11 → 0 yields M2 → 0 and breaks the perturbation theory (of the first generation).
Conditions to prevent such a breakdown are
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In order to make M1 larger, (mν)11 and det′ mν in Eq. (26) must be small simultaneously. In this case,
the 1-2 submatrix of mν approaches singular;

mν ∼ (mν)22




ε2 ε ∗
ε 1 ∗
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

 , (27)

where ε ∼
∣∣∣(mν)11/

√
det′ mν

∣∣∣ is a small dimensionless parameter and O(1) coefficients are ignored. Since

the perturbability for M1/M3 provides a similar restriction for the 1-3 element, a heavy M1 requires that
m−1

ν compensates for the smallness of mD1 as

m−1
ν ∼
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ε−2 ε−1 δ−1
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

 , ε " mD1

mD2
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第１世代のカイラル抑制のパラメーターをεL,Rとすると、

摂動論が良い記述 ⇒ MR側のεRが⼗分⼩さい
⇒ mD1/εL が⼗分⼩さい



3. カイラル摂動論の適⽤範囲(skip可)

88

4

where (m−1
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where O(1) coefficients are omitted. Because of the constraint εR εL ∝ mD1, the smaller breaking
parameter εL yields the larger εR. Therefore, for the approximate chiral symmetry of MR to be a
good description, the smallness of mD1 must not be cancelled by m−1

ν . This property is due to the
commutativity of the left and right chiral transformations in the diagonalized basis of mD.

More specifically, this validity of the perturbation theory can be shown as conditions on the matrix
elements. To this end, we examine another mass relation of M2 by a similar perturbative analysis for
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= m2
D2

∣∣∣∣
detm−1

ν

(m−1
ν )33

∣∣∣∣ = m2
D2

∣∣∣∣
(mν)11
det′ mν

∣∣∣∣ , (24)
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leads to
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Indeed, the limit of m11 → 0 yields M2 → 0 and breaks the perturbation theory (of the first generation).
Conditions to prevent such a breakdown are
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In order to make M1 larger, (mν)11 and det′ mν in Eq. (26) must be small simultaneously. In this case,
the 1-2 submatrix of mν approaches singular;
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
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∣∣∣ is a small dimensionless parameter and O(1) coefficients are ignored. Since
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ν compensates for the smallness of mD1 as
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第１世代のカイラル抑制のパラメーターをεL,Rとすると、

摂動論が良い記述 ⇒ MR側のεRが⼗分⼩さい
⇒ mD1/εL が⼗分⼩さい

⇒ mDとmnの(左)カイラル対称性が合致して相殺してはいけない
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The Dirac mass matrix mD = V mdiag
D U † (in the diagonal basis of Ye and MR) is also repre-

sented as

mD !





mD1(V11 + V12
m12
m11

) mD2(V12 − V13
(m−1)23
(m−1)33

) mD3V13 +
m2

D2
mD3

V12
(m−1)∗23
(m−1)∗33

mD1(V21 + V22
m12
m11

) mD2(V22 − V23
(m−1)23
(m−1)33

) mD3V23 +
m2

D2
mD3

V22
(m−1)∗23
(m−1)∗33

mD1V33
m13
m11

mD2(V32 − V33
(m−1)23
(m−1)33

) mD3V33




. (7)

This result is equivalent to the spectral decomposition of mD. Furthermore, behavior of the

matrix m†
DmD is

m†
DmD = U(mdiag

D )2U † (8)

!





|m11|2+|m12|2+|m13|2
|m11|2 m2

D1

(
m∗

12
m∗

11
− m∗

13
m∗

11

(m−1)23
(m−1)33

)
mD1mD2

m∗
13

m∗
11
mD1mD3

(
m12
m11

− m13
m11

(m−1)∗23
(m−1)∗33

)
mD1mD2

(
1 +

∣∣∣ (m
−1)23

(m−1)33

∣∣∣
2
)
m2

D2 −mD2mD3
(m−1)∗23
(m−1)∗33

m13
m11

mD1mD3 −mD2mD3
(m−1)23
(m−1)33

m2
D3




.

(9)

Since this is related to CP violation in the decay of right-handed neutrinos, this representation

seems to be useful in studies of leptogenesis [13].

現象論的に重要な点は箇条書きでいいかも、誠太郎賞のように
Vが 1-2混合で支配されるなら 33の小行列式はこの影響を受けないから、m11というパラ

メータはM1,2という、より軽い方の質量を支配している。
In this analysis, the parameter m11 is fairly related to the physical observables. Since m is

defined as m = V †mνV ∗, m11 is written by

m11 = (V ∗
11)

2mee + 2V ∗
11V

∗
21meµ + (V ∗

21)
2mµµ . (10)

Sufficiently small V21 yields m11 ! mee. Therefore, the lighter right-handed neutrino masses

M1 = m2
D1/m11 and M2 = m2

D2m11/(m11m22 − m2
12) are expected to be correlated to the

effective mass of double beta decay mee and the Dirac phase δ. The parameter m11 also plays

an important role in the reconstruction of R, which will be discussed later.

III. CHIRAL PERTURBATIVE RECONSTRUCTION OF THE ORTHOGONAL

MATRIX R

Next, we consider a solution of the complex orthogonal matrix R. For the relation

R =

√
mdiag−1

ν U †
MNSV mdiag

D U †
√

Mdiag−1
R , the half of right side mdiag

D U †
√
Mdiag−1

R becomes an

ex) ⼤統⼀理論においてはCabibbo angleで⽀配されると仮定；
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ྻߦͷ౬઒ࢠఈͰ͸ɺిجங͞Εͨߏ͕ Ye͸ର֯తͱ͸ݶΒͳ͍ͷͰɺ౬઒ͪͨྻߦͷಛҟ஋෼

ղΛ࣍Ͱఆٛ͢Δ;

Y 0
ν ≡ VνY

diag
ν U †

ν , Y 0
e ≡ VeY

diag
e U †

e . (14)

Ұํɺ࣭ྔྻߦmDͱmν ͸ిࢠͷ౬઒ྻߦ Ye͕ର֯తͳجఈͰఆٛ͞Ε͍ͯΔ;

Ye = Y diag
e , mD = V mdiag

D U † , mν = UMNSm
diag
ν UT

MNS . (15)

͜ΕΑΓɺV = V †
e VνͱUMNSʹ͸ Ve͕ implicitʹؚ·Ε͍ͯΔɻͳΜΒ͔ͷେ౷Ұཧ࿦͕ଘ͢ࡏ

Ε͹ɺleptonଆͷmisalignment V †
e Vν͸CKMྻߦUCKMʹ͍ۙ͸ͣͰ͋Δ͔ΒɺҰൠతͳGUT

͔Βظ଴͞ΕΔೋͭͷԾఆΛ͓͘ɻ

1. mD1 " mu(ΛGUT) " me(ΛGUT) " 0.5MeV, mD2 " mc(ΛGUT) ∼ mµ(ΛGUT) ∼ 100MeV

[19].
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V ͸۩ମతʹ͸࣍ͷΑ͏ʹॻ͚Δɻ

V "
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

eiσ1 0 0

0 eiσ2 0

0 0 eiσ3









cθ sθeiφ O(10−3)

−sθe−iφ cθ O(10−2)

O(10−3) O(10−2) 1




, (16)

where sθ ≡ sin θ ! 0.2, cθ ≡ cos θ ∼ 1 and φ,σi are unknown phases. sθ, cθ ͷූ߸͸Ґ૬ʹٵऩ

Ͱ͖ΔͨΊɺ0 " θ " π/2ͱͯ͠Α͍ɻ͜ͷԾఆʹΑͬͯ Eq. (10)ͷΑ͏ͳΧΠϥϧରশੑͷ߹

கͷՄೳੑ͸ແ͘ͳΔͨΊɺ͜ͷঢ়گʹ͓͍ͯ͸ SDͷΈΛ͑ߟΔɻ͜ͷͱ͖ɺ|W3i| " |Uτ i|Α

ΓɺM3ͷઈର஋͸ V ͷӨڹΛ΄ͱΜͲड͚ͳ͍ɻ

M3 " m2
D3(m

−1)33 "
m2

D3

m1
|Uτ1|2 or

m2
D3

m3
|Uτ3|2 . (17)
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ৼΓࢠͷ๏ଇ
ੈք͸ n࣍ݩϑʔϦΤϞʔυ

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0Λબ୒ͨ͠ͱ͖ͷΈɺੈք͔ΒനࠇΛऔΓআ͕͘ࣄग़དྷΔʂʂ

ཅ่ࢠյʁ

Γp ! g4
m5

p

M4
X

! (4πα)2
m5

p

M4
X

(2)

! (
12

30
)2(

1

1016
)4

1GeV

200MeV fm
! (

2

5
)2(

1

1016
)4

1GeV

0.2GeV 10−15m
3× 108

m

s
(3)

! 0.16× 10−64 × 5× 1015 × 3× 108[1/s] ! 2.4× 10−41[1/s], (4)

τp ! 4× 1040[s] ! 1× 1032[year], (5)

1015GeV ⇒ 1028 year,ͩͱ͏ࢥΜ͚ͩͲʜʜ࿦จͯݟΈΔ͔ʜʜ

0.1 2303 Թઘڀݚձ

UD !
M1 ! m2

D1/|(mν)11|
mq(q̄LqR + q̄RqL), q′L = eiαLqL, q′R = eiαRqR
Gell-Mann , Oakes, Renner , 68

m2
π = −mu +md

2

〈ūu+ d̄d〉
f2
π

(6)

MR = mT
Dm

−1
ν mD ,

MR =




mD1 0 0

0 mD2 0

0 0 mD3








m11 m12 m13

m12 m22 m23

m13 m23 m33





−1


mD1 0 0

0 mD2 0

0 0 mD3



 , (7)

Πͷఴ͕͑ؒࣈҧͬͯͨΑʂ

|DetMR| = M1M2M3 = Π3
i=1m

2
Di |Detm−1

ν | , (8)

| detMR0| = M (0)
2 M (0)

3 = Π3
i=2m

2
Di | detm−1

ν | . (9)

1

sθが⼗分⼩さければm11〜mee. 
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Chiral perturbative relation for neutrino masses

in the type-I seesaw mechanism

Masaki J. S. Yang1, ∗

1Department of Physics, Saitama University,
Shimo-okubo, Sakura-ku, Saitama, 338-8570, Japan

In this letter, we perform a perturbative analysis by the lightest singular value mD1 of the Dirac
mass matrix mD in the type-I seesaw mechanism. A mass relation M1 = m2

D1/|(mν)11| is obtained
for the lightest mass M1 of the right-handed neutrino νR1 and the mass matrix of the left-handed
neutrinos mν in the diagonal basis of mD. This relation is rather stable under renormalization
because it is gauge-invariant in the SM and associates with the approximate chiral symmetry of
νR1.

If diagonalization of the Yukawa matrices of leptons Yν,e has only small mixings, the element
(mν)11 is close to the effective mass mee of the neutrinoless double beta decay. By assuming
mD1 ! mu,e ! 0.5 MeV, the lightest mass is about M1 ! O(100) TeV in the normal hierarchy and
M1 ∼ O(10) TeV in the inverted hierarchy. Such a νR1 with a tiny Yukawa coupling yν1 ∼ O(10−5)
can indirectly influence various observations.

On the other hand, the famous bound of the thermal leptogenesis M1 ! 109 GeV that requires
mD1 ! 30 MeV seems to be difficult to reconcile with a simple unified theory without a special
condition.

I. INTRODUCTION

Chiral symmetries have played an important role in the development of particle physics [1–3]. Even
in the flavor physics, chiral symmetries are associated with small fermion masses of the Standard Model
(SM). Due to the tiny singular values of the first generation, diagonalized Yukawa matrices Y diag

u,d,e have
approximate chiral symmetries U(1)1L × U(1)1R;

R(θL)Y
diag
u,d,eR(θR) " Y diag

u,d,e , (1)

where R(θ) ≡ diag(eiθ , 1 , 1) and θL,R are arbitrary real parameters.
Breaking of these chiral symmetries is sufficiently small because the ratios of SM fermion masses mf

for a given renormalization scale are about O(10−2) [4],

mu

mc
∼

1

500
,

md

ms
∼

1

20
,

me

mµ
∼

1

200
. (2)

With some grand unified theories in mind, it is natural to assume that the Dirac mass matrix mD also
has such approximate chiral symmetries. Thus, in this letter, we perform a chiral perturbative analysis
[5] by the smallest singular value mD1 of mD in the type-I seesaw mechanism [6–9].

II. CHIRAL PERTURBATIVE ANALYSIS BY mD1

For the singular value decomposition (SVD) mD = UDmdiag
D V T

D , it does not lose generality to consider
the diagonal basis of mD by field redefinitions of unitary matrices UD and VD [10]. If the mass matrix
mν of left-handed neutrinos νLi is regular and invertible, the mass matrix MR of right-handed neutrinos

∗Electronic address: mjsyang@mail.saitama-u.ac.jp

のUDを仮定しないと(UD†mnUD* )11は決まらない
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where δ is another small parameter. Eventually, M1 will only be heavy when approximate chiral symme-
tries of mD and mν are almost identical;

R(θL)mν ! mν , R(θL)mD ! mD . (29)

If the breaking parameter ε (δ) is smaller than mD1/mD2 (3), the perturbation theory for M1/M2 (3) is no
longer valid. This feature is similar to the discussion around Eq. (11), and it indicates that MR and/or
mν share the chiral symmetry associated with mD1.
Moreover, Eq. (29) requires the zero eigenvector v0 of mD is close to that of mν . In the basis where

mν is diagonalized by the MNS matrix, v0 is close to (0 , 1 ,−1) or (−2 , 1 , 1) for the normal hierarchy
(NH) or the inverted hierarchy (IH). Since this is equivalent to mD having no v0 component, the form of
mD in the case of NH is

mD !




A2 B2 C2

A2 B2 C2

A2 B2 C2



+




0 0 0
A3 B3 C3

−A3 −B3 −C3



 . (30)

Thus, it is difficult to impose a strong hierarchy of |(mD)33| # |(mD)ij |.

The mass relation (22) leads to significant phenomenological consequences.

1. For the thermal leptogenesis [15] by νR1, the famous lower limit of the mass M1 ! 109 GeV [16, 17]
implies that

mD1 ! 30MeV . (31)

Therefore, except in a special condition that amplifies the mass M1, a simple unified theory with
mD1 ∼ 1MeV and the type-I seesaw mechanism seems to be difficult to reconcile with the thermal
leptogenesis by νR1. This feature is expected in wide parameter regions of many models1.

2. If diagonalization of the Yukawa matrices of leptons Yν,e has only small mixings, the value (mν)11
is close to the effective mass mee of the neutrinoless double beta decay [19]. Although NH has a
canceling region mee ! 0, there is no chiral symmetry because m1 ∼ 3 meV, and the chiral pertur-
bation theory simply breaks down. Since the lepton mass is not susceptible to renormalization, mD1

is expected to be about mD1 ! 0.5MeV from singular values at the GUT scale mu ! me ! 0.5MeV.
Therefore, the lightest mass is about M1 ! O(100)TeV in NH and M1 ∼ O(10)TeV in IH.

3. Although the lightest TeV-scale right-handed neutrino νR1 only has a tiny Yukawa coupling yν1 ∼
O(10−5) and a very weak Higgs interaction, such a νR1 may be indirectly involved in the anomaly
called IceCube gap [20].

If mν has a good chiral symmetry, this relation can be applied for mν . A similar discussion for the
seesaw formula mν = mdiag

D M−1
R mdiag

D and perturbatively small mD1 leads to ,

m1 =

∣∣∣∣
Detmν

detmν0

∣∣∣∣ = m2
D1

∣∣∣∣
DetM−1

R

detM−1
R

∣∣∣∣ =
m2

D1

|(MR)11|
, (32)

and |(MR)11| ∼ 1PeV holds for m1 ∼ 1meV. However, we need to be careful about this argument. For
a strongly hierarchical MR with M3 # M1,2, the lightest mass m1 comes from 1/M3 by the sequential
dominance [21] and Eq. (32) is not the correct relationship. Since MR seems to be much closer to a
singular matrix than mν , the mass relation appears safer to consider only for m−1

ν .
In both cases of NH and IH, the eigenvectors associated with the lightest mass m1 or 3 are not in the

direction (1, 0, 0). Since chiral symmetries of left-handed fields seem not to be shared between mD and
mν , it is natural to think that the smallness of mD1 rather ensures the hierarchy of m2/m3 in NH.
Finally, this mass relation must be almost stable against quantum corrections because it is associated

with the approximate chiral symmetry [3] of the right-handed neutrino νR1 and the gauge charges of
SM cancel out between mν and mD. Thus, this is considered a general constraint on the type-I seesaw
mechanism.

1 Note that such a bound is inconsistent with the existence of long-lived particles [18], and it does not immediately rule
out the possibility of leptogenesis.
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M1 = (MR)11 −
3∑

α,β=2

(MR)1α(M
−1
R0 )αβ(MR)β1 (10)

= m2
D1(m

−1
ν )11 −

3∑

α,β=2

(m−1
ν )1α(m

−1
ν )−1

αβ(m
−1
ν )β1 =

m2
D1

(mν)11
, (11)

mD1 ∼ mu,d,e ∼ 1MeV

|(mν)11| ∼ 1meV

η ∝ ε ≡ ΓCP−
νR1

/ΓCP+
νR1

∝ M1

mν =




0 0 0

0 m22 m23

0 m23 m33



 =




0 0 0

a b c

d e f








M11 M12 M13

M12 M22 M23

M13 M23 M33





−1


0 a d

0 b e

0 c f



 (12)

0.2 2303 ֶձൃද

M−1
R =




M−1

1 0 0

0 M−1
2 0

0 0 M−1
3



 (13)
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まとめ

• Dirac質量⾏列mDの特異値が mD1 ≪ mD2,3 ⇒
• mDの左混合Uが⼩さい ⇒ (mn)11 〜 ⼆重ベータ崩壊の有効質量 mee
• ⇒ NHならM1 ~ 100TeV, IHならM1〜10 TeV.

1. type-I seesaw機構 mD1→0の極限でカイラル対称性

• νR1による熱的レプトジェネシスは単純な⼤統⼀理論と相性悪い
• この関係式は宇宙論、⼤統⼀理論、ニュートリノ現象論に有⽤

2. 現象論的帰結
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5

where δ is another small parameter. Eventually, M1 will only be heavy when approximate chiral symme-
tries of mD and mν are almost identical;

R(θL)mν ! mν , R(θL)mD ! mD . (29)

If the breaking parameter ε (δ) is smaller than mD1/mD2 (3), the perturbation theory for M1/M2 (3) is no
longer valid. This feature is similar to the discussion around Eq. (11), and it indicates that MR and/or
mν share the chiral symmetry associated with mD1.
Moreover, Eq. (29) requires the zero eigenvector v0 of mD is close to that of mν . In the basis where

mν is diagonalized by the MNS matrix, v0 is close to (0 , 1 ,−1) or (−2 , 1 , 1) for the normal hierarchy
(NH) or the inverted hierarchy (IH). Since this is equivalent to mD having no v0 component, the form of
mD in the case of NH is

mD !




A2 B2 C2

A2 B2 C2

A2 B2 C2



+




0 0 0
A3 B3 C3

−A3 −B3 −C3



 . (30)

Thus, it is difficult to impose a strong hierarchy of |(mD)33| # |(mD)ij |.

The mass relation (22) leads to significant phenomenological consequences.

1. For the thermal leptogenesis [15] by νR1, the famous lower limit of the mass M1 ! 109 GeV [16, 17]
implies that

mD1 ! 30MeV . (31)

Therefore, except in a special condition that amplifies the mass M1, a simple unified theory with
mD1 ∼ 1MeV and the type-I seesaw mechanism seems to be difficult to reconcile with the thermal
leptogenesis by νR1. This feature is expected in wide parameter regions of many models1.

2. If diagonalization of the Yukawa matrices of leptons Yν,e has only small mixings, the value (mν)11
is close to the effective mass mee of the neutrinoless double beta decay [19]. Although NH has a
canceling region mee ! 0, there is no chiral symmetry because m1 ∼ 3 meV, and the chiral pertur-
bation theory simply breaks down. Since the lepton mass is not susceptible to renormalization, mD1

is expected to be about mD1 ! 0.5MeV from singular values at the GUT scale mu ! me ! 0.5MeV.
Therefore, the lightest mass is about M1 ! O(100)TeV in NH and M1 ∼ O(10)TeV in IH.

3. Although the lightest TeV-scale right-handed neutrino νR1 only has a tiny Yukawa coupling yν1 ∼
O(10−5) and a very weak Higgs interaction, such a νR1 may be indirectly involved in the anomaly
called IceCube gap [20].

If mν has a good chiral symmetry, this relation can be applied for mν . A similar discussion for the
seesaw formula mν = mdiag

D M−1
R mdiag

D and perturbatively small mD1 leads to ,

m1 =

∣∣∣∣
Detmν

detmν0

∣∣∣∣ = m2
D1

∣∣∣∣
DetM−1

R

detM−1
R

∣∣∣∣ =
m2

D1

|(MR)11|
, (32)

and |(MR)11| ∼ 1PeV holds for m1 ∼ 1meV. However, we need to be careful about this argument. For
a strongly hierarchical MR with M3 # M1,2, the lightest mass m1 comes from 1/M3 by the sequential
dominance [21] and Eq. (32) is not the correct relationship. Since MR seems to be much closer to a
singular matrix than mν , the mass relation appears safer to consider only for m−1

ν .
In both cases of NH and IH, the eigenvectors associated with the lightest mass m1 or 3 are not in the

direction (1, 0, 0). Since chiral symmetries of left-handed fields seem not to be shared between mD and
mν , it is natural to think that the smallness of mD1 rather ensures the hierarchy of m2/m3 in NH.
Finally, this mass relation must be almost stable against quantum corrections because it is associated

with the approximate chiral symmetry [3] of the right-handed neutrino νR1 and the gauge charges of
SM cancel out between mν and mD. Thus, this is considered a general constraint on the type-I seesaw
mechanism.

1 Note that such a bound is inconsistent with the existence of long-lived particles [18], and it does not immediately rule
out the possibility of leptogenesis.

カイラル摂動が破綻するとき、M1が重くなることが許される、が……

NHでMNS⾏列が
TBM likeのとき、
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tries of mD and mν are almost identical;

R(θL)mν ! mν , R(θL)mD ! mD . (29)
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longer valid. This feature is similar to the discussion around Eq. (11), and it indicates that MR and/or
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1. For the thermal leptogenesis [15] by νR1, the famous lower limit of the mass M1 ! 109 GeV [16, 17]
implies that
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Therefore, except in a special condition that amplifies the mass M1, a simple unified theory with
mD1 ∼ 1MeV and the type-I seesaw mechanism seems to be difficult to reconcile with the thermal
leptogenesis by νR1. This feature is expected in wide parameter regions of many models1.
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is close to the effective mass mee of the neutrinoless double beta decay [19]. Although NH has a
canceling region mee ! 0, there is no chiral symmetry because m1 ∼ 3 meV, and the chiral pertur-
bation theory simply breaks down. Since the lepton mass is not susceptible to renormalization, mD1

is expected to be about mD1 ! 0.5MeV from singular values at the GUT scale mu ! me ! 0.5MeV.
Therefore, the lightest mass is about M1 ! O(100)TeV in NH and M1 ∼ O(10)TeV in IH.

3. Although the lightest TeV-scale right-handed neutrino νR1 only has a tiny Yukawa coupling yν1 ∼
O(10−5) and a very weak Higgs interaction, such a νR1 may be indirectly involved in the anomaly
called IceCube gap [20].

If mν has a good chiral symmetry, this relation can be applied for mν . A similar discussion for the
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and |(MR)11| ∼ 1PeV holds for m1 ∼ 1meV. However, we need to be careful about this argument. For
a strongly hierarchical MR with M3 # M1,2, the lightest mass m1 comes from 1/M3 by the sequential
dominance [21] and Eq. (32) is not the correct relationship. Since MR seems to be much closer to a
singular matrix than mν , the mass relation appears safer to consider only for m−1
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In both cases of NH and IH, the eigenvectors associated with the lightest mass m1 or 3 are not in the

direction (1, 0, 0). Since chiral symmetries of left-handed fields seem not to be shared between mD and
mν , it is natural to think that the smallness of mD1 rather ensures the hierarchy of m2/m3 in NH.
Finally, this mass relation must be almost stable against quantum corrections because it is associated

with the approximate chiral symmetry [3] of the right-handed neutrino νR1 and the gauge charges of
SM cancel out between mν and mD. Thus, this is considered a general constraint on the type-I seesaw
mechanism.

1 Note that such a bound is inconsistent with the existence of long-lived particles [18], and it does not immediately rule
out the possibility of leptogenesis.

このとき強い階層 は難しい
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Here,

UTBM =





√
2
3

1√
3

0

− 1√
6

1√
3

1√
2

− 1√
6

1√
3
− 1√

2




, U23 =





1 0 0

0 cθ sθe−iφ

0 −sθeiφ cθ




, U13 =





cθ 0 sθe−iφ

0 1 0

−sθeiφ 0 cθ




,

(46)

with cθ ≡ cos θ, sθ ≡ sin θ. By using the notation in the PDG parameterization cij ≡

cos θij , sij ≡ sin θij , the value of s13 is

s213 = sin2 θTM1/3 = 2 sin2 θTM2/3 . (47)

The Jarlskog invariant [65] is evaluated as [7, 8, 16, 17, 66]

JTM1 =
cθsθ sinφ

3
√
6

, JTM2 =
cθsθ sinφ

3
√
3

. (48)

Since the invariant with the Dirac phase δ is written as J = c12s12c23s23c213s13 sin δ, sinφ $ sin δ

holds in both cases [16]. Furthermore, cos δ is also written by rephasing invariants of MNS

matrix U ;

cos δ =
|U22|2 − (s12s13s23)2 − (c12c23)2

−2s12s13s23c12c23
(49)

=
|U22|2(1− |U13|2)2 − |U13|2|U12|2|U23|2 − |U11|2|U33|2

−2|U13||U12||U23||U11||U33|
. (50)

Specific substitution yields cos δ $ sign(sTM1
θ ) cosφTM1 $ cosφTM2 , and relations between CP

phases are

δ $ φTM1 + arg(sign(sTM1
θ )) $ φTM2 . (51)

It is well known that these TM1,2 mixings accompany the Z2 symmetry for the mass matrix

mν [3–5]. Let vi be the column vectors of the TBM matrix, (v1 ,v2 ,v3) ≡ UTBM. The TM1,2

mixing is automatically predicated when the mass matrix of neutrinos mν has a Z2 symmetry

generated by S1,2 ≡ 1− 2v1,2 ⊗ vT
1,2,

S1,2mν S1,2 = mν , S1 =
1

3





−1 2 2

2 2 −1

2 −1 2




, S2 =

1

3





1 −2 −2

−2 1 −2

−2 −2 1




. (52)



4. 現象論的帰結 (3)どうやって⾒るの？
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5. カイラル対称性とくりこみ

湯川のカイラル対称性はくりこみを受けにくい(naturalness)

Exoticな余計な寄与がなければ、GUTスケールのような
⾼エネルギーまで摂動関係は有効（?）

ʻt Hooft, ʻ80
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振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 2303 学会発表

M−1
R =




M−1

1 0 0

0 M−1
2 0

0 0 M−1
3



 (2)

dY

dt
∝ Y = S Y (3)

(
2 −1 −1

)
m(NH)

D = 0 ,
(
0 1 −1

)
m(IH)

D = 0 , (4)

θ = π

(1− 2u⊗ u†)mD = +mD (5)

P mν = 0 , detMR $= 0 ⇒ P mD = 0

mν = mDM
−1
R mT

D , U †mνU
∗ = mdiag

ν =




m1 0 0

0 m2 0

0 0 m3



 , (6)

mdiag
ν =




0 0 0

0 m2 0

0 0 m3



 =




0 0 0

a b c

d e f








M11 M12 M13

M12 M22 M23

M13 M23 M33





−1


0 a d

0 b e

0 c f



 (7)

0.2 2207 横国発表
LDLT 分解に基づいた type-I seesawの公式を用いて、mν が一般的な Z2対称性をもつ条件を任意の基底で求めた。
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MRの他の質量は？ MJSY, 2308.12718 

振り子の法則
世界は n次元フーリエモード

f(x) =

∫
dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.0.1 他の質量と誤差
質量が階層的 mD1 ! mD2 ! mD3であれば、
MR = UMdiag

R UT の３つの質量
M1 =

m2
D1

m11
, M2 =

m2
D2m11

(m11m22 −m2
12)

, M3 = m2
D3(m

−1)33 (2)

と U の３つの混合
−mD1

mD2

m12

m11
,

mD1

mD3

(m−1)13
(m−1)33

,
mD2

mD3

(m−1)23
(m−1)33

(3)

誤差は？
(M †

RMR)ik = mDi(m−1)†ijm
2
Dj(m

−1)jkmDk,

M †
RMR =

(
m2n

Di m2n+1
Di

m2n+1
Di m2n

Di

)
(4)

固有値方程式は偶数次 ⇒ 固有値 M2
i はmDiの偶数次

NLOはO(m2
Di/m

2
Dj) < 1%

2401東女発表

mD = 1MeV → 100GeV (5)

MR = 109GeV → 1014GeV (6)

M =
(
ν̄L ν̄cR

)( 0 mD

mT
D MR

)(
νcL
νR

)
, mν = −mDM

−1
R mT

D (7)

ρ ∝ a−3

1
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必要条件の証明

4

The existence of M−1
R with detMR != 0 implies P mD = 0 and mT

Du
∗ = 0. That is, mD also

respects the chiral U(1) symmetry due to the left-handed lepton number1,

(1− P + eiθP )mD = mD , (14)

and mD has no projection in the massless direction. Since the chiral symmetry holds only for

mD and is not necessarily a symmetry of the entire theory, it is treated as a kind of remnant

symmetry.

The necessary condition (Pmν = mν ⇒ PmD = mD) also holds when detMR != 0 is satisfied.

In this situation, since mν and mD are matrices with rank two, m1 = 0 is assumed for simplicity.

SVDs of matrices mν = Umdiag
ν UT and mD = UDm

diag
D V †

D leads to

U





0 0 0

0 m2 0

0 0 m3




UT = UD





0 0 0

0 mD2 0

0 0 mD3




V †
DM

−1
R V ∗

D





0 0 0

0 mD2 0

0 0 mD3




UT
D , (15)

where mD(2,3) are singular values of mD. By performing production of matrices between two

mdiag
D ,





0 0 0

0 m2 0

0 0 m3




= U †UD





0 0 0

0 ∗ ∗

0 ∗ ∗




UT
DU

∗ , (16)

where ∗ denotes any matrix element. Since this is also a SVD of mν , U †UD must be a unitary

transformation of the 2-3 submatrix;

U †UD =





1 0 0

0 ∗ ∗

0 ∗ ∗




. (17)

Therefore, the eigenvectors in the massless direction must be identical, and Pmν = mν ⇒

PmD = mD holds. From this fact, the minimal seesaw model [7, 25–27] always has this chiral

symmetry and it would be useful in many situations.

This is due to the nature that the left-handed chiral symmetry gives constraints only for

mD and does not depend on MR. It is easy to show as follows. Since the generator of the

1 The anti-symmetry (1− P + eiθP )mD = −mD has only the trivial solution mD = 0.
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transformation of the 2-3 submatrix;

U †UD =





1 0 0

0 ∗ ∗

0 ∗ ∗




. (17)

Therefore, the eigenvectors in the massless direction must be identical, and Pmν = mν ⇒

PmD = mD holds. From this fact, the minimal seesaw model [7, 25–27] always has this chiral

symmetry and it would be useful in many situations.

This is due to the nature that the left-handed chiral symmetry gives constraints only for

mD and does not depend on MR. It is easy to show as follows. Since the generator of the

1 The anti-symmetry (1− P + eiθP )mD = −mD has only the trivial solution mD = 0.

mDdiagの間の⾏列の積を実⾏すると

4

The existence of M−1
R with detMR != 0 implies P mD = 0 and mT

Du
∗ = 0. That is, mD also

respects the chiral U(1) symmetry due to the left-handed lepton number1,

(1− P + eiθP )mD = mD , (14)

and mD has no projection in the massless direction. Since the chiral symmetry holds only for

mD and is not necessarily a symmetry of the entire theory, it is treated as a kind of remnant

symmetry.

The necessary condition (Pmν = mν ⇒ PmD = mD) also holds when detMR != 0 is satisfied.

In this situation, since mν and mD are matrices with rank two, m1 = 0 is assumed for simplicity.

SVDs of matrices mν = Umdiag
ν UT and mD = UDm

diag
D V †

D leads to

U





0 0 0

0 m2 0

0 0 m3




UT = UD





0 0 0

0 mD2 0

0 0 mD3




V †
DM

−1
R V ∗

D





0 0 0

0 mD2 0

0 0 mD3




UT
D , (15)

where mD(2,3) are singular values of mD. By performing production of matrices between two

mdiag
D ,





0 0 0

0 m2 0

0 0 m3




= U †UD





0 0 0

0 ∗ ∗

0 ∗ ∗




UT
DU

∗ , (16)

where ∗ denotes any matrix element. Since this is also a SVD of mν , U †UD must be a unitary

transformation of the 2-3 submatrix;

U †UD =





1 0 0

0 ∗ ∗

0 ∗ ∗




. (17)

Therefore, the eigenvectors in the massless direction must be identical, and Pmν = mν ⇒

PmD = mD holds. From this fact, the minimal seesaw model [7, 25–27] always has this chiral

symmetry and it would be useful in many situations.

This is due to the nature that the left-handed chiral symmetry gives constraints only for

mD and does not depend on MR. It is easy to show as follows. Since the generator of the

1 The anti-symmetry (1− P + eiθP )mD = −mD has only the trivial solution mD = 0.
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4

In the type-I seesaw mechanism, this condition becomes

P mDM
−1
R mT

D = mDM
−1
R mT

DP
T = 0 . (13)

The existence of M−1
R with detMR != 0 implies P mD = 0 and mT

Du
∗ = 0. That is, mD also

respects the chiral U(1) symmetry due to the left-handed lepton number1,

(1− P + eiθP )mD = mD , (14)

and mD has no projection in the eigenvector of zero mode.

The necessary condition (Pmν = 0 ⇒ PmD = 0) also holds when detMR != 0 is satisfied. In

this situation, since mν and mD are matrices with rank two, m1 = 0 is assumed for simplicity.

SVDs of matrices mν = Umdiag
ν UT and mD = UDm

diag
D V †

D leads to

U





0 0 0

0 m2 0

0 0 m3




UT = UD





0 0 0

0 mD2 0

0 0 mD3




V †
DM

−1
R V ∗

D





0 0 0

0 mD2 0

0 0 mD3




UT
D , (15)

where mD(2,3) are singular values of mD. By performing production of matrices between two

mdiag
D ,





0 0 0

0 m2 0

0 0 m3




= U †UD





0 0 0

0 ∗ ∗

0 ∗ ∗




UT
DU

∗ , (16)

where ∗ denotes any matrix element. Since this is also a SVD of mν , U †UD must be a unitary

transformation of the 2-3 submatrix;

U †UD =





1 0 0

0 ∗ ∗

0 ∗ ∗




. (17)

Therefore, the eigenvectors of the zero modes must be identical, and Pmν = mν ⇒ PmD = mD

holds.

1 The anti-symmetry (1− P + eiθP )mD = −mD has only the trivial solution mD = 0.


