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技術提供

(2010-)

(2018-)

インドはIT大国として有名ですが、
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教育にも力をいれているようです。
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数日前に 
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として着任: 

専門: 天体物理、中性子星)
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[faculty members of 
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教育にも力をいれているようです。

(+ Dr. Rana Nandi が 

数日前に 

Assistant Professor 
として着任: 

専門: 天体物理、中性子星)

おまけその⼆

物性 v.s. 素粒⼦+宇宙



第一部: 
背景の理解と何を議論したいかの 

説明
(学部4年生向け、~30分)



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

物理学(Physics)は、 
初めこの世のマクロな構造(身の回りの世界) 

を理解することから始まった。 
[古典理論 (Classical Theory)]

色々な波を束状に集めると、 

どんな形も表現できる。



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

どんな形状のミクロな構造でも 
正確に記述できる方法論!

“

本日の話の 

メイン・テーマ



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

物理学(Physics)は、 
初めこの世のマクロな構造(身の回りの世界) 

を理解することから始まった。 
[古典理論 (Classical Theory)]

色々な波を束状に集めると、 

どんな形も表現できる。 ?
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波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

物理学(Physics)は、 
初めこの世のマクロな構造(身の回りの世界) 

を理解することから始まった。 
[古典理論 (Classical Theory)]

色々な波を束状に集めると、 

どんな形も表現できる。 ?

?? ???
基本的な

背景を、
 

理解する
ところか

ら初めま
しょう



 古典物理(マクロな身の回りの世界を記述する理論) 
  ⇒ マクロな物の動きの記述 [古典力学 (Classical Mechanics)]



 古典物理(マクロな身の回りの世界を記述する理論) 
  ⇒ マクロな物の動きの記述 [古典力学 (Classical Mechanics)]

例えば⋯

地上で手を話すと、 
物体(りんご)は下に落ちる

太陽

地球

地球は太陽の周りを 
周回している

地面(地球)

[pictures from the web]



 古典物理(マクロな身の回りの世界を記述する理論) 
  ⇒ マクロな物の動きの記述 [古典力学 (Classical Mechanics)]

例えば⋯

太陽

地球

地面(地球)

<latexit sha1_base64="cadA/p9nL2vUJzh18aGjNbc5dfQ="></latexit>

mapple
dvvvapple

dt
= FFF apple

<latexit sha1_base64="N6i5Nt0+Ykkmzr9GGN6pAJT2ZYs="></latexit>

mEarth
dvvvEarth

dt
= FFFEarth

りんごの質量 (mass) 
=(物体の動きにくさ) 

≒(物体の重さ)

りんごの速度 (velocity) 
(向きのある量[=ベクトル])

時間 
(time)

りんごにかかる 
力 (force)

ニュートンの運動方程式が、 
物の動きを支配する!

速度が変化する度合い 
(向きのある量[=ベクトル])

[pictures from the web]



 古典物理(マクロな身の回りの世界を記述する理論) 
  ⇒ マクロな物の動きの記述 [古典力学 (Classical Mechanics)]

例えば⋯

太陽

地球

地面(地球)

<latexit sha1_base64="cadA/p9nL2vUJzh18aGjNbc5dfQ="></latexit>

mapple
dvvvapple

dt
= FFF apple

<latexit sha1_base64="N6i5Nt0+Ykkmzr9GGN6pAJT2ZYs="></latexit>

mEarth
dvvvEarth

dt
= FFFEarth

<latexit sha1_base64="cP7tK/4y3QGCjxfFV2e9FOR2PWs=">AAACEXicdVBJSgNBFK2OU4xTHHZuCoPgKnQkDisJCOIyghkgCaG68pMUqe4uqn6LsckpvIBbvYE7cesJvIDnsJJ0wIg+KHi896d6npLCoOt+OqmFxaXllfRqZm19Y3Mru71TNWGkOVR4KENd95gBKQKooEAJdaWB+Z6Emje4HPu1O9BGhMEtDhW0fNYLRFdwhlZqZ/eayvfiq1G7iXCPMVNKwqidzbn5E3cM6ubdGUmUQqLkSIJyO/vV7IQ88iFALpkxjYKrsBUzjYLbeZlmZEAxPmA9aFgaMB9MK55cP6KHVunQbqjtC5BO1J8dMfONGfqerfQZ9s1vbyz+5TUi7J63YhGoCCHg00XdSFIM6TgK2hEaOMqhJYxrYW+lvM8042gDm9viaTYAHGVsMLPf0/9J9ThfOM0Xb4q50kUSUZrskwNyRArkjJTINSmTCuHkgTyRZ/LiPDqvzpvzPi1NOUnPLpmD8/ENNgueTQ==</latexit>

FFF apple

<latexit sha1_base64="YAE1svMzUbX2M0FD8x/Y/bb1nu8=">AAACEXicdVBJSgNBFK12jHFqh52bwiC4Ch2Jw0oCoriMYAZIQqiu/CRFqgeqfoux6VN4Abd6A3fi1hN4Ac9hJemAEX1Q8HjvT/XcUAqNjvNpzc0vLC4tZ1ayq2vrG5v21nZVB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3MHFyK/dgdIi8G9xGELLYz1fdAVnaKS2vdsMPTe+StpNhHuML5nCftK2c07+2BmBOnlnSlKlkCo5kqLctr+anYBHHvjIJdO6UXBCbMVmmOASkmwz0hAyPmA9aBjqMw90Kx5fn9ADo3RoN1Dm+UjH6s+OmHlaDz3XVHoM+/q3NxL/8hoRds9asfDDCMHnk0XdSFIM6CgK2hEKOMqhIYwrYW6lvM8U42gCm9niKjYATLImmOnv6f+kepQvnOSLN8Vc6TyNKEP2yD45JAVySkrkmpRJhXDyQJ7IM3mxHq1X6816n5TOWWnPDpmB9fENBYyeLw==</latexit>

FFFEarth

物質間に引力が働くと考えると、

[pictures from the web]



 古典物理(マクロな身の回りの世界を記述する理論) 
  ⇒ マクロな物の動きの記述 [古典力学 (Classical Mechanics)]

例えば⋯

太陽

地球

地面(地球)

<latexit sha1_base64="cadA/p9nL2vUJzh18aGjNbc5dfQ="></latexit>

mapple
dvvvapple

dt
= FFF apple

<latexit sha1_base64="N6i5Nt0+Ykkmzr9GGN6pAJT2ZYs="></latexit>

mEarth
dvvvEarth

dt
= FFFEarth

<latexit sha1_base64="cP7tK/4y3QGCjxfFV2e9FOR2PWs=">AAACEXicdVBJSgNBFK2OU4xTHHZuCoPgKnQkDisJCOIyghkgCaG68pMUqe4uqn6LsckpvIBbvYE7cesJvIDnsJJ0wIg+KHi896d6npLCoOt+OqmFxaXllfRqZm19Y3Mru71TNWGkOVR4KENd95gBKQKooEAJdaWB+Z6Emje4HPu1O9BGhMEtDhW0fNYLRFdwhlZqZ/eayvfiq1G7iXCPMVNKwqidzbn5E3cM6ubdGUmUQqLkSIJyO/vV7IQ88iFALpkxjYKrsBUzjYLbeZlmZEAxPmA9aFgaMB9MK55cP6KHVunQbqjtC5BO1J8dMfONGfqerfQZ9s1vbyz+5TUi7J63YhGoCCHg00XdSFIM6TgK2hEaOMqhJYxrYW+lvM8042gDm9viaTYAHGVsMLPf0/9J9ThfOM0Xb4q50kUSUZrskwNyRArkjJTINSmTCuHkgTyRZ/LiPDqvzpvzPi1NOUnPLpmD8/ENNgueTQ==</latexit>

FFF apple

<latexit sha1_base64="YAE1svMzUbX2M0FD8x/Y/bb1nu8=">AAACEXicdVBJSgNBFK12jHFqh52bwiC4Ch2Jw0oCoriMYAZIQqiu/CRFqgeqfoux6VN4Abd6A3fi1hN4Ac9hJemAEX1Q8HjvT/XcUAqNjvNpzc0vLC4tZ1ayq2vrG5v21nZVB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3MHFyK/dgdIi8G9xGELLYz1fdAVnaKS2vdsMPTe+StpNhHuML5nCftK2c07+2BmBOnlnSlKlkCo5kqLctr+anYBHHvjIJdO6UXBCbMVmmOASkmwz0hAyPmA9aBjqMw90Kx5fn9ADo3RoN1Dm+UjH6s+OmHlaDz3XVHoM+/q3NxL/8hoRds9asfDDCMHnk0XdSFIM6CgK2hEKOMqhIYwrYW6lvM8U42gCm9niKjYATLImmOnv6f+kepQvnOSLN8Vc6TyNKEP2yD45JAVySkrkmpRJhXDyQJ7IM3mxHq1X6816n5TOWWnPDpmB9fENBYyeLw==</latexit>

FFFEarth

<latexit sha1_base64="3db5nyDHTn41cYnWHkVcPIITAf0="></latexit>vvvapple,0

<latexit sha1_base64="xxvesNC43/g0xQthva4lLoZfwYw=">AAACEXicdVDLSgMxFM3UV62v+ti5CRbBVZkU0XYjBTcuK1gttKVk0lsNzcyE5I5Yh36FP+BW/8CduPUL/AG/w4xWsKIHAodz7isn0Epa9P03LzczOze/kF8sLC2vrK4V1zfObZwYAU0Rq9i0Am5ByQiaKFFBSxvgYaDgIhgeZ/7FNRgr4+gMRxq6Ib+M5EAKjk7qFbc6OgzS63Gvg3CDKddawbhXLPll3/cZYzQj7PDAd6RWq1ZYlbLMciiRCRq94nunH4skhAiF4ta2ma+xm3KDUrh5hU5iQXMx5JfQdjTiIdhu+nn9mO46pU8HsXEvQvqp/uxIeWjtKAxcZcjxyv72MvEvr53goNpNZaQThEh8LRokimJMsyhoXxoQqEaOcGGku5WKK264QBfY1JbA8CHguOCC+f49/Z+cV8rsoLx/ul+qH00iypNtskP2CCOHpE5OSIM0iSC35J48kEfvznvynr2Xr9KcN+nZJFPwXj8Axv+eqQ==</latexit>vvvapple
<latexit sha1_base64="GxSdZJJPLImJb3n8KnvwrAPIrSU="></latexit>vvvEarth,0

<latexit sha1_base64="a2I7TgUtuNTMBAByVgPmHK2tYaw=">AAACEXicdVDLSgMxFM34tr7qY+cmWARXZVJKbTdSEMGlgq1CW0omvW1DMw+SO2Id5iv8Abf6B+7ErV/gD/gdZmoFFT0QOJxzXzlepKRB131zZmbn5hcWl5ZzK6tr6xv5za2mCWMtoCFCFeorjxtQMoAGSlRwFWngvqfg0hsdZ/7lNWgjw+ACxxF0fD4IZF8Kjlbq5nfake8l12m3jXCDyQnXOEy7+YJbdF2XMUYzwg4rriW1WrXEqpRllkWBTHHWzb+3e6GIfQhQKG5Mi7kRdhI7TAoFaa4dG4i4GPEBtCwNuA+mk0yuT+m+VXq0H2r7AqQT9XtHwn1jxr5nK32OQ/Pby8S/vFaM/WonkUEUIwTic1E/VhRDmkVBe1KDQDW2hAst7a1UDLnmAm1gP7Z4mo8A05wN5uv39H/SLBVZpVg+LxfqR9OIlsgu2SMHhJFDUien5Iw0iCC35J48kEfnznlynp2Xz9IZZ9qzTX7Aef0AloCeiw==</latexit>vvvEarth

物質間に引力が働くと考えると、

両者の運動は統一的に理解できる!

(同じ方向への 
速度変化)

(違う方向への 
速度変化)

[pictures from the web]



実は、ここで以下の近似を使用した。

単純化

りんごと 
同じ質量を持つ点

単純化

地球と 
同じ質量を持つ点

物質の(回転運動などを無視した)、 
全体としての動きのみに興味があるなら、 

この取り扱いは良い。

[pictures from the web]



実は、ここで以下の近似を使用した。

単純化

りんごと 
同じ質量を持つ点

単純化

地球と 
同じ質量を持つ点

物質の(回転運動などを無視した)、 
全体としての動きのみに興味があるなら、 

この取り扱いは良い。

このような理想的に考えた物体のことを、 
(古典的な) 粒子(particle)と呼ぶ。

[pictures from the web]



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

物理学(Physics)は、 
初めこの世のマクロな構造(身の回りの世界) 

を理解することから始まった。 
[古典理論 (Classical Theory)]

色々な波を束状に集めると、 

どんな形も表現できる。 ?

?? ???

Done!



皆様、海で(水の)波をご覧になったことが 
あるかと思います。

[pictures from the web]



皆様、海で(水の)波をご覧になったことが 
あるかと思います。

この現象は、以下のように明文化できます。 
波とは、広がった「物体」(媒質, 今は水)の 
分布パターンが、ある方向に伝搬していく 

現象である。

媒質⇒水

[pictures from the web]



皆様、海で(水の)波をご覧になったことが 
あるかと思います。

この現象は、以下のように明文化できます。 
波とは、広がった「物体」(媒質, 今は水)の 
分布パターンが、ある方向に伝搬していく 

現象である。

媒質⇒水

音も波 
媒質⇒空気

地震も波 
媒質⇒空気

光も波 
媒質⇒「真空」

[pictures from the web]



伝搬方向を一方向に定めて、一番単純な場合を詳しく見てみましょう。

空間方向 
(x)

波の高さ

<latexit sha1_base64="WA98rcfGWqggZLS5pb3+ZFf0AGc=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk04yZHZ2mZkVwhJ/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8P/NbT6g0j+SjmcToh3Qo+YAzaqxUd3vFklt25yDrxMtICTLUesWfbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzQ6fkwip9MoiULWnIXP07kdJQ60kY2M6QmpFe9Wbif14nMYNbP+UyTgxKtlg0SAQxEZl9TfpcITNiYgllittbCRtRRZmx2SxtCRQdo5kWbDDeagzrpHlV9q7LlXqlVL3LIsrDGZzDJXhwA1V4gBo0gAHCC7zCm/PsvDsfzueiNedkM6ewBOfrF4wAlSE=</latexit>

0

三角関数(sin or cos)一つで 
表せる場合。

時刻 t=0 での波の配位



空間方向 
(x)

波の高さ

<latexit sha1_base64="WA98rcfGWqggZLS5pb3+ZFf0AGc=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk04yZHZ2mZkVwhJ/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8P/NbT6g0j+SjmcToh3Qo+YAzaqxUd3vFklt25yDrxMtICTLUesWfbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzQ6fkwip9MoiULWnIXP07kdJQ60kY2M6QmpFe9Wbif14nMYNbP+UyTgxKtlg0SAQxEZl9TfpcITNiYgllittbCRtRRZmx2SxtCRQdo5kWbDDeagzrpHlV9q7LlXqlVL3LIsrDGZzDJXhwA1V4gBo0gAHCC7zCm/PsvDsfzueiNedkM6ewBOfrF4wAlSE=</latexit>

0

伝搬方向を一方向に定めて、一番単純な場合を詳しく見てみましょう。

ある後の時刻 t(>0) での波の配位

[t時間の間に動いた距離]= 
v(波の伝搬速度) × t

<latexit sha1_base64="jOUfm9KmZxwjlh3SxQydrX6NNco=">AAACJXicbVDLSgNBEJz1GeMr6tHLkCDEg2FXRD2J4MVjBKNCNsTZSW8yZHZ2mekVw7K/4G/4A171D7yJ4Mmb3+HkcTBqQUNR1U13V5BIYdB1P5yZ2bn5hcXCUnF5ZXVtvbSxeWXiVHNo8FjG+iZgBqRQ0ECBEm4SDSwKJFwH/bOhf30H2ohYXeIggVbEukqEgjO0UrtU9RHuMbu9zX0jlC8hxOo93aN36GvR7eHu2C/n7VLFrbkj0L/Em5AKmaDeLn35nZinESjkkhnT9NwEWxnTKLiEvOinBhLG+6wLTUsVi8C0stFHOd2xSoeGsbalkI7UnxMZi4wZRIHtjBj2zG9vKP7nNVMMj1uZUEmKoPh4UZhKijEdxkM7QgNHObCEcS3srZT3mGYcbYhTWwLN+oB50Qbj/Y7hL7nar3mHtYOLg8rpySSiAtkmZVIlHjkip+Sc1EmDcPJAnsgzeXEenVfnzXkft844k5ktMgXn8xsQjaYD</latexit>

“ sin (x� vt) ”



<latexit sha1_base64="WA98rcfGWqggZLS5pb3+ZFf0AGc=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk04yZHZ2mZkVwhJ/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8P/NbT6g0j+SjmcToh3Qo+YAzaqxUd3vFklt25yDrxMtICTLUesWfbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzQ6fkwip9MoiULWnIXP07kdJQ60kY2M6QmpFe9Wbif14nMYNbP+UyTgxKtlg0SAQxEZl9TfpcITNiYgllittbCRtRRZmx2SxtCRQdo5kWbDDeagzrpHlV9q7LlXqlVL3LIsrDGZzDJXhwA1V4gBo0gAHCC7zCm/PsvDsfzueiNedkM6ewBOfrF4wAlSE=</latexit>

0

空間方向 
(x)

波の高さ

伝搬方向を一方向に定めて、一番単純な場合を詳しく見てみましょう。

<latexit sha1_base64="kcKoDgixDn5PQQftzwXIs4vGvAs=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCeJePGYgHlAsoTZSW8yZHZ2mZkVQog/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8n/rNJ1Sax/LRjBL0I9qXPOSMGivV7rrFklt2ZyCrxMtICTJUu8WfTi9maYTSMEG1bntuYvwxVYYzgZNCJ9WYUDakfWxbKmmE2h/PDp2QM6v0SBgrW9KQmfp3YkwjrUdRYDsjagZ62ZuK/3nt1IQ3/pjLJDUo2XxRmApiYjL9mvS4QmbEyBLKFLe3EjagijJjs1nYEig6RDMp2GC85RhWSeOi7F2VL2uXpcptFlEeTuAUzsGDa6jAA1ShDgwQXuAV3pxn5935cD7nrTknmzmGBThfv6cYlTI=</latexit>

A

<latexit sha1_base64="elhOyKEsLo0qAEPheaAnw0+QQXA=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdSUFNy4r2Ae0oUwmk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcGDuecy71z/FRwjY7zbZXW1jc2t8rblZ3dvf2D6uFRWyeZoqxFE5Gork80E1yyFnIUrJsqRmJfsI4f3U39zhNTmifyEccp82IylDzklKCROn1hogEZVGtO3ZnBXiVuQWpQoDmo/vSDhGYxk0gF0brnOil6OVHIqWCTSj/TLCU0IkPWM1SSmGkvn507sc+MEthhosyTaM/UvxM5ibUex75JxgRHetmbiv95vQzDGy/nMs2QSTpfFGbCxsSe/t0OuGIUxdgQQhU3t9p0RBShaBpa2OIrEjGcVEwx7nINq6R9UXev6pcPl7XGbVFRGU7gFM7BhWtowD00oQUUIniBV3iznq1368P6nEdLVjFzDAuwvn4BgyiX6g==</latexit>

�

<latexit sha1_base64="ChFV9Y7iCywrykx9X3CAFrPUnR4="></latexit>

A⇥ sin

✓
2⇡

�
x� 2⇡

T
t (+↵)

◆

振幅 波長 = 
[最小パターンの長さ]

周期 = 
[一波長分進むのにかかる時間]

<latexit sha1_base64="LgkYsSkYE4wC3pgZxB8zjkQy7yw="></latexit>

A⇥ sin (kx� !t (+↵))

◦
<latexit sha1_base64="D9XtsouQr0o72oFNh5s4cSUObwQ=">AAACFnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpRUVQCm5cVrAPaEKZTCbtkMkkzEyEEoK/4Q+41T9wJ27d+gN+h9M2C9t6YOBwzj3cO8dLGJXKsr6N0srq2vpGebOytb2zu2fuH3RknApM2jhmseh5SBJGOWkrqhjpJYKgyGOk64W3E7/7SISkMX9Q44S4ERpyGlCMlJYG5lEIr66hEwiEs7qT0DxzmE77KB+YVatmTQGXiV2QKijQGpg/jh/jNCJcYYak7NtWotwMCUUxI3nFSSVJEA7RkPQ15Sgi0s2mX8jhqVZ8GMRCP67gVP2byFAk5Tjy9GSE1EguehPxP6+fquDSzShPUkU4ni0KUgZVDCd9QJ8KghUba4KwoPpWiEdI16F0a3NbPIFCovKKLsZerGGZdOo1+7zWuG9UmzdFRWVwDE7AGbDBBWiCO9ACbYDBE3gBr+DNeDbejQ/jczZaMorMIZiD8fULOy+fQA==</latexit>

k :=
2⇡

�

◦
<latexit sha1_base64="+YzUu0D4kgMMbzyHSHjpCoYx4qc=">AAACFXicbZDLSsNAFIYn9VbrLepGcDNYBFclKUVFUApuXFboRWhCmUxP2qGTCzMToYT4Gr6AW30Dd+LWtS/gczhts7CtPwz8/OcczpnPizmTyrK+jcLK6tr6RnGztLW9s7tn7h+0ZZQICi0a8Ug8eEQCZyG0FFMcHmIBJPA4dLzR7aTeeQQhWRQ21TgGNyCDkPmMEqWjnnnkRAEMCL66xo4vCE2rTsyytJn1zLJVsabCy8bOTRnlavTMH6cf0SSAUFFOpOzaVqzclAjFKIes5CQSYkJHZABdbUMSgHTT6Q8yfKqTPvYjoV+o8DT9O5GSQMpx4OnOgKihXKxNwv9q3UT5l27KwjhRENLZIj/hWEV4ggP3mQCq+FgbQgXTt2I6JBqE0tDmtniCjEBlJQ3GXsSwbNrVin1eqd3XyvWbHFERHaMTdIZsdIHq6A41UAtR9IRe0Ct6M56Nd+PD+Jy1Fox85hDNyfj6BWAvnsc=</latexit>

! :=
2⇡

T

波数 = 
[単位長さあたりの 
パターンの数]/(2π)

角振動数 = 
[単位時間あたりに 
何波長進むか]/(2π)

<latexit sha1_base64="m8xBWHjl+5j0WFpRCkEyHn+qizo="></latexit>

v =
�

T
(伝搬速度)

位相



<latexit sha1_base64="WA98rcfGWqggZLS5pb3+ZFf0AGc=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUE8S8OIxAfOAZAmzk04yZHZ2mZkVwhJ/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8P/NbT6g0j+SjmcToh3Qo+YAzaqxUd3vFklt25yDrxMtICTLUesWfbj9iSYjSMEG17nhubPyUKsOZwGmhm2iMKRvTIXYslTRE7afzQ6fkwip9MoiULWnIXP07kdJQ60kY2M6QmpFe9Wbif14nMYNbP+UyTgxKtlg0SAQxEZl9TfpcITNiYgllittbCRtRRZmx2SxtCRQdo5kWbDDeagzrpHlV9q7LlXqlVL3LIsrDGZzDJXhwA1V4gBo0gAHCC7zCm/PsvDsfzueiNedkM6ewBOfrF4wAlSE=</latexit>

0

空間方向 
(x)

波の高さ

伝搬方向を一方向に定めて、一番単純な場合を詳しく見てみましょう。

<latexit sha1_base64="kcKoDgixDn5PQQftzwXIs4vGvAs=">AAAB/HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCeJePGYgHlAsoTZSW8yZHZ2mZkVQog/4FX/wJt49V/8Ab/DSbIHk1jQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjC8n/rNJ1Sax/LRjBL0I9qXPOSMGivV7rrFklt2ZyCrxMtICTJUu8WfTi9maYTSMEG1bntuYvwxVYYzgZNCJ9WYUDakfWxbKmmE2h/PDp2QM6v0SBgrW9KQmfp3YkwjrUdRYDsjagZ62ZuK/3nt1IQ3/pjLJDUo2XxRmApiYjL9mvS4QmbEyBLKFLe3EjagijJjs1nYEig6RDMp2GC85RhWSeOi7F2VL2uXpcptFlEeTuAUzsGDa6jAA1ShDgwQXuAV3pxn5935cD7nrTknmzmGBThfv6cYlTI=</latexit>

A

<latexit sha1_base64="elhOyKEsLo0qAEPheaAnw0+QQXA=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIRdSUFNy4r2Ae0oUwmk3bIZBJmboQSuvMH3OofuBO3/og/4Hc4bbOwrQcGDuecy71z/FRwjY7zbZXW1jc2t8rblZ3dvf2D6uFRWyeZoqxFE5Gork80E1yyFnIUrJsqRmJfsI4f3U39zhNTmifyEccp82IylDzklKCROn1hogEZVGtO3ZnBXiVuQWpQoDmo/vSDhGYxk0gF0brnOil6OVHIqWCTSj/TLCU0IkPWM1SSmGkvn507sc+MEthhosyTaM/UvxM5ibUex75JxgRHetmbiv95vQzDGy/nMs2QSTpfFGbCxsSe/t0OuGIUxdgQQhU3t9p0RBShaBpa2OIrEjGcVEwx7nINq6R9UXev6pcPl7XGbVFRGU7gFM7BhWtowD00oQUUIniBV3iznq1368P6nEdLVjFzDAuwvn4BgyiX6g==</latexit>

�

<latexit sha1_base64="ChFV9Y7iCywrykx9X3CAFrPUnR4="></latexit>

A⇥ sin

✓
2⇡

�
x� 2⇡

T
t (+↵)

◆

振幅 波長 = 
[最小パターンの長さ]

周期 = 
[一波長分進むのにかかる時間]

位相

<latexit sha1_base64="LgkYsSkYE4wC3pgZxB8zjkQy7yw="></latexit>

A⇥ sin (kx� !t (+↵))

◦
<latexit sha1_base64="D9XtsouQr0o72oFNh5s4cSUObwQ=">AAACFnicbVDLSsNAFJ3UV62vqCtxM1gEVyUpRUVQCm5cVrAPaEKZTCbtkMkkzEyEEoK/4Q+41T9wJ27d+gN+h9M2C9t6YOBwzj3cO8dLGJXKsr6N0srq2vpGebOytb2zu2fuH3RknApM2jhmseh5SBJGOWkrqhjpJYKgyGOk64W3E7/7SISkMX9Q44S4ERpyGlCMlJYG5lEIr66hEwiEs7qT0DxzmE77KB+YVatmTQGXiV2QKijQGpg/jh/jNCJcYYak7NtWotwMCUUxI3nFSSVJEA7RkPQ15Sgi0s2mX8jhqVZ8GMRCP67gVP2byFAk5Tjy9GSE1EguehPxP6+fquDSzShPUkU4ni0KUgZVDCd9QJ8KghUba4KwoPpWiEdI16F0a3NbPIFCovKKLsZerGGZdOo1+7zWuG9UmzdFRWVwDE7AGbDBBWiCO9ACbYDBE3gBr+DNeDbejQ/jczZaMorMIZiD8fULOy+fQA==</latexit>

k :=
2⇡

�

◦
<latexit sha1_base64="+YzUu0D4kgMMbzyHSHjpCoYx4qc=">AAACFXicbZDLSsNAFIYn9VbrLepGcDNYBFclKUVFUApuXFboRWhCmUxP2qGTCzMToYT4Gr6AW30Dd+LWtS/gczhts7CtPwz8/OcczpnPizmTyrK+jcLK6tr6RnGztLW9s7tn7h+0ZZQICi0a8Ug8eEQCZyG0FFMcHmIBJPA4dLzR7aTeeQQhWRQ21TgGNyCDkPmMEqWjnnnkRAEMCL66xo4vCE2rTsyytJn1zLJVsabCy8bOTRnlavTMH6cf0SSAUFFOpOzaVqzclAjFKIes5CQSYkJHZABdbUMSgHTT6Q8yfKqTPvYjoV+o8DT9O5GSQMpx4OnOgKihXKxNwv9q3UT5l27KwjhRENLZIj/hWEV4ggP3mQCq+FgbQgXTt2I6JBqE0tDmtniCjEBlJQ3GXsSwbNrVin1eqd3XyvWbHFERHaMTdIZsdIHq6A41UAtR9IRe0Ct6M56Nd+PD+Jy1Fox85hDNyfj6BWAvnsc=</latexit>

! :=
2⇡

T

波数 = 
[単位長さあたりの 
パターンの数]/(2π)

角振動数 = 
[単位時間あたりに 
何波長進むか]/(2π)

<latexit sha1_base64="m8xBWHjl+5j0WFpRCkEyHn+qizo="></latexit>

v =
�

T
(伝搬速度)

<latexit sha1_base64="r6iSFBT+v+cIjGbj5hKIcR7C/Ms="></latexit>

A⇥ Im
h
ei(kx�!t (+↵))

i

指数関数を使って表現できる。

<latexit sha1_base64="p43tEJprXkJfvhr7sYj2iIoFXWo=">AAACGnicbZDLSgMxFIYz9VbH26hLEYJFqAhlRoq6UQpuXFawF2hryaSnbWgmMyQZYRi68jV8Abf6Bu7ErRtfwOcwvSxs6w+Bj/+cwzn5/YgzpV3328osLa+srmXX7Y3Nre0dZ3evqsJYUqjQkIey7hMFnAmoaKY51CMJJPA51PzBzaheewSpWCjudRJBKyA9wbqMEm2stnMIDynDydC+sps0VPnkBJ9ihpuKCcNtJ+cW3LHwInhTyKGpym3np9kJaRyA0JQTpRqeG+lWSqRmlMPQbsYKIkIHpAcNg4IEoFrp+BtDfGycDu6G0jyh8dj9O5GSQKkk8E1nQHRfzddG5n+1Rqy7l62UiSjWIOhkUTfmWId4lAnuMAlU88QAoZKZWzHtE0moNsnNbPElGYAe2iYYbz6GRaieFbzzQvGumCtdTyPKogN0hPLIQxeohG5RGVUQRU/oBb2iN+vZerc+rM9Ja8aazuyjGVlfv2rPnxc=</latexit>

eiy = cos(y) + i sin(y)

オイラーの公式



２つ以上の波のプロファイルは、それぞれの足し算で得られる。

[pictures from the web]



フーリエ変換

[https://www.yukisako.xyz/entry/fourier-transform]



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

物理学(Physics)は、 
初めこの世のマクロな構造(身の回りの世界) 

を理解することから始まった。 
[古典理論 (Classical Theory)]

色々な波を束状に集めると、 

どんな形も表現できる。 ?

?? ???

Done!

Done!



 20世紀初め頃までに、この世の元素は原子から構成されている 
  という考えに人類はたどり着き、以下のような模型が具体的に 
  考えられた。

古典的な 
陽子(proton)

古典的な 
電子(electron)

古典的な 
周回運動

電子の発見 [J.J.トムソン (1897)]

原子核の発見 
[E.ラザフォード (1911)]

電子電荷の測定 
[R.A.ミリカン (1910)]

α線
水素原子

[pictures from the web]



 20世紀初め頃までに、この世の元素は原子から構成されている 
  という考えに人類はたどり着き、以下のような模型が具体的に 
  考えられた。

古典的な 
陽子(proton)

古典的な 
電子(electron)

古典的な 
周回運動

[電子電荷] = 
-1×(1.6×10-19[クーロン])

[陽子電荷] = 
+1×(1.6×10-19[クーロン])

クーロン引力

太陽

地球

<latexit sha1_base64="YAE1svMzUbX2M0FD8x/Y/bb1nu8=">AAACEXicdVBJSgNBFK12jHFqh52bwiC4Ch2Jw0oCoriMYAZIQqiu/CRFqgeqfoux6VN4Abd6A3fi1hN4Ac9hJemAEX1Q8HjvT/XcUAqNjvNpzc0vLC4tZ1ayq2vrG5v21nZVB5HiUOGBDFTdZRqk8KGCAiXUQwXMcyXU3MHFyK/dgdIi8G9xGELLYz1fdAVnaKS2vdsMPTe+StpNhHuML5nCftK2c07+2BmBOnlnSlKlkCo5kqLctr+anYBHHvjIJdO6UXBCbMVmmOASkmwz0hAyPmA9aBjqMw90Kx5fn9ADo3RoN1Dm+UjH6s+OmHlaDz3XVHoM+/q3NxL/8hoRds9asfDDCMHnk0XdSFIM6CgK2hEKOMqhIYwrYW6lvM8U42gCm9niKjYATLImmOnv6f+kepQvnOSLN8Vc6TyNKEP2yD45JAVySkrkmpRJhXDyQJ7IM3mxHq1X6816n5TOWWnPDpmB9fENBYyeLw==</latexit>

FFFEarth

<latexit sha1_base64="GxSdZJJPLImJb3n8KnvwrAPIrSU="></latexit>vvvEarth,0

<latexit sha1_base64="a2I7TgUtuNTMBAByVgPmHK2tYaw=">AAACEXicdVDLSgMxFM34tr7qY+cmWARXZVJKbTdSEMGlgq1CW0omvW1DMw+SO2Id5iv8Abf6B+7ErV/gD/gdZmoFFT0QOJxzXzlepKRB131zZmbn5hcWl5ZzK6tr6xv5za2mCWMtoCFCFeorjxtQMoAGSlRwFWngvqfg0hsdZ/7lNWgjw+ACxxF0fD4IZF8Kjlbq5nfake8l12m3jXCDyQnXOEy7+YJbdF2XMUYzwg4rriW1WrXEqpRllkWBTHHWzb+3e6GIfQhQKG5Mi7kRdhI7TAoFaa4dG4i4GPEBtCwNuA+mk0yuT+m+VXq0H2r7AqQT9XtHwn1jxr5nK32OQ/Pby8S/vFaM/WonkUEUIwTic1E/VhRDmkVBe1KDQDW2hAst7a1UDLnmAm1gP7Z4mo8A05wN5uv39H/SLBVZpVg+LxfqR9OIlsgu2SMHhJFDUien5Iw0iCC35J48kEfnznlynp2Xz9IZZ9qzTX7Aef0AloCeiw==</latexit>vvvEarth

水素原子

[picture from the web]



 20世紀初め頃までに、この世の元素は原子から構成されている 
  という考えに人類はたどり着き、以下のような模型が具体的に 
  考えられた。

古典的な 
陽子(proton)

古典的な 
電子(electron)

クーロン引力

制動放射
しかし、 

古典的な電磁気の理論によると、 
電磁波(=光)の放出により、 

電子はエネルギーを即座に失う。 

⇒ 原子は古典理論では不安定、記述不可!

原子・分子といった 
ミクロの世界の記述には、 

全く新しい方法論・言語が必要!!

水素原子



 20世紀初め頃までに、この世の元素は原子から構成されている 
  という考えに人類はたどり着き、以下のような模型が具体的に 
  考えられた。

古典的な 
陽子(proton)

古典的な 
電子(electron)

制動放射

水素原子

量子化(quantisation)

ここで、以下の大幅な思考のジャンプを行う。 
 

ミクロな粒子の空間プロファイルは、 
適切な波として表現されなければならない。 

 
このアイディアの下に、ミクロな世界を記述する方法論・言語を 

量子論/力学(quantum theory/mechanics)と呼ぶ。

[picture from the web]

クーロン引力



 20世紀初め頃までに、この世の元素は原子から構成されている 
  という考えに人類はたどり着き、以下のような模型が具体的に 
  考えられた。

古典的な 
陽子(proton)

古典的な 
電子(electron)

制動放射

水素原子

量子化(quantisation)

λ
r

水素原子中の電子の適切な波は 
どんなプロファイルを取る? 

 
⇒ 安定に存在するためには、条件 ”n×λ=2πr (n=1,2,...)” が必要 

[限られた波長の定常的な波のみが選ばれる。]

[picture from the web]

クーロン引力



 20世紀初め頃までに、この世の元素は原子から構成されている 
  という考えに人類はたどり着き、以下のような模型が具体的に 
  考えられた。

古典的な 
陽子(proton)

古典的な 
電子(electron)

クーロン斥力

制動放射

水素原子

量子化(quantisation)

水素原子中の電子の適切な波は 
どんなプロファイルを取る? 

 
⇒ 安定に存在するためには、条件 ”n×λ=2πr (n=1,2,...)” が必要 

[限られた波長の定常的な波のみが選ばれる。] 
 

⇒ この結果から、水素原子から放出される光スペクトルが説明できる!

λ
r

[pictures from the web]



 先程は、電磁ポテンシャル内の電子を考えましたが、 
  以下のような実験を行うと、自由な(=外から力が働いていない) 
  電子に対しても、量子的な粒子の驚くべき性質が見えてきます。

?

 電子の二重スリット実験:

一発ずつ 
電子を発射

電子は二つの細いスリットの 
どちらかしか通れない

スクリーンは電子の着地地点を 
個別に全て記録する。 

⇒ Q. 多数の電子を発射した後、 
何が記録されているでしょうか? [picture from the web]



 先程は、電磁ポテンシャル内の電子を考えましたが、 
  以下のような実験を行うと、自由な(=外から力が働いていない) 
  電子に対しても、量子的な粒子の驚くべき性質が見えてきます。

 電子の二重スリット実験:

A. 干渉パターンが見える!

[picture from the web]



[The Feynman Lectures on Physics]

◦ h1: スリット”1”からの波の、右端(absorber)での⾼さ

◦ h2: スリット”2”からの波の、右端(absorber)での⾼さ

 右端での波全体の強度 ”I12 = |h1 + h2|2”.

古典的な波の場合:



量子的な電子の空間プロファイル(=波動関数)の場合:

◦ Φ1: スリット”1”を通る電⼦の波動関数の、右端(backstop)での値

◦ Φ2: スリット”2”を通る電⼦の波動関数の、右端(backstop)での値

 右端での波動関数全体の強度 ”P12 = |Φ1 + Φ2|2”.

[The Feynman Lectures on Physics]電子の各地点における存在確率と理解する



 詳細:

◦ 各電⼦は、点として観測される (粒⼦)

◦ 多数の観測結果は、⼲渉効果を含めた 
   波動関数の強度(⇒対応する確率)に従う (波)

“粒子と
波の二重

性”

 ド・ブロイ-アインシュタインの関係式: 粒⼦と波の⾔語の対応

◦
<latexit sha1_base64="cJ11qJcuZd2YWTHUZoAmGz8Us9o=">AAACFHicbVDLSgNBEJyNrxhfUQ8evAwGwVPYFVEvgiiCxwhGA9kl9E46yZDZBzO9QljyG/6AV/0Db+LVuz/gdziJe/BVMFBUdVM9FaZKGnLdd6c0Mzs3v1BerCwtr6yuVdc3bkySaYFNkahEt0IwqGSMTZKksJVqhChUeBsOzyf+7R1qI5P4mkYpBhH0Y9mTAshKnerWBT/h/iAEzX2SERruJxH2oVOtuXV3Cv6XeAWpsQKNTvXD7yYiizAmocCYtuemFOSgSQqF44qfGUxBDKGPbUtjsFlBPv3AmO9apct7ibYvJj5Vv2/kEBkzikI7GQENzG9vIv7ntTPqHQe5jNOMMBZfQb1McUr4pA3elRoFqZElILS0t3IxAA2CbGc/UkINQ6RxxRbj/a7hL7nZr3uH9YOrg9rpWVFRmW2zHbbHPHbETtkla7AmE2zMHtgje3LunWfnxXn9Gi05xc4m+wHn7RPEsJ3g</latexit>

E = ~⇥ !

◦
<latexit sha1_base64="N0ZGauBxH9j7G2W0dX0twOmnCFk=">AAACG3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1I1QdOOygn1AE8pkOmmHTh7M3AglZOdv+ANu9Q/ciVsX/oDf4TTNwrYeGDiccy/nzvFiwRVY1rdRWlldW98ob1a2tnd298z9g7aKEklZi0Yikl2PKCZ4yFrAQbBuLBkJPME63vh26ncemVQ8Ch9gEjM3IMOQ+5wS0FLfPHbiwEvjDF9jZ+QRiR3gAVM4l8dZ36xaNSsHXiZ2QaqoQLNv/jiDiCYBC4EKolTPtmJwUyKBU8GyipMoFhM6JkPW0zQkOsxN839k+FQrA+xHUr8QcK7+3UhJoNQk8PRkQGCkFr2p+J/XS8C/clMexgmwkM6C/ERgiPC0FDzgklEQE00IlVzfiumISEJBVzeX4kkyZpBVdDH2Yg3LpH1esy9q9ft6tXFTVFRGR+gEnSEbXaIGukNN1EIUPaEX9IrejGfj3fgwPmejJaPYOURzML5+AWx2oX0=</latexit>

ppp = ~⇥ kkk
エネルギー

空間運動量 波数

⻆運動量

(reduced) プランク定数 
次元を合わせるために、新しい定数が必要

◦ [hbar] = [エネルギー×時間] = [空間運動量×⻑さ]
[pictures from the web]



◦ Φ’1: スリット”1”を通る電⼦の波動関数の、右端(backstop)での値

◦ Φ’2: スリット”2”を通る電⼦の波動関数の、右端(backstop)での値

 粒子の観測確率 ”P’12 = |Φ’1|2+|Φ’2|2 = P’1 + P’2”.

量子的な電子の空間プロファイル(=波動関数)の場合 
[どちらのスリットを通ったか調べる際]:

[The Feynman Lectures on Physics]

途中の微弱な操作によっても、 
最後の結果が⼤きく変化することが(⼲渉光の喪失!)



 さて、量子的な粒子の空間的なプロファイル(=波動関数)は、 
  どんな形をしているのでしょうか?

◦ [粒⼦のエネルギー] :

◦ [粒⼦の空間運動量] :
<latexit sha1_base64="V9v+kKG8AtP/T0vyHLUJHdpErcw=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIR7bLgxmUF+4A2lMl00g6ZmQwzE6GE7PwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57QsmoNp737ZQ2Nre2d8q7lb39g8Oj6vFJRyepwqSNE5aoXog0YVSQtqGGkZ5UBPGQkW4Y38387hNRmibi0UwlCTgaCxpRjIyVugPJw0zmw2rNq3tzuOvEL0gNCrSG1Z/BKMEpJ8JghrTu+540QYaUoZiRvDJINZEIx2hM+pYKxIkOsvm5uXthlZEbJcqWMO5c/TuRIa71lIe2kyMz0aveTPzP66cmagQZFTI1RODFoihlrknc2e/uiCqCDZtagrCi9lYXT5BC2NiElraECsXE5BUbjL8awzrpXNX9m/r1w3Wt2SgiKsMZnMMl+HALTbiHFrQBQwwv8ApvzrPz7nw4n4vWklPMnMISnK9f8UuYKg==</latexit>ppp (何か固有の値を持つ)

<latexit sha1_base64="yzcRTHGmcIIoXBPb579TXd09hAM="></latexit>

Eppp =

⇢
ppp2

2m
(non-relativistic),

p
ppp2c2 +m2c4 (relativistic)

�

<latexit sha1_base64="MkIoPwsUZv/ZYajda2crfJitGtE="></latexit>

(wave) ⇠ superposition (over kkk) of e�i!kkkt+ikkk·xxx 



 さて、量子的な粒子の空間的なプロファイル(=波動関数)は、 
  どんな形をしているのでしょうか?

◦ [粒⼦のエネルギー] :

◦ [粒⼦の空間運動量] :
<latexit sha1_base64="V9v+kKG8AtP/T0vyHLUJHdpErcw=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVwVRIR7bLgxmUF+4A2lMl00g6ZmQwzE6GE7PwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57QsmoNp737ZQ2Nre2d8q7lb39g8Oj6vFJRyepwqSNE5aoXog0YVSQtqGGkZ5UBPGQkW4Y38387hNRmibi0UwlCTgaCxpRjIyVugPJw0zmw2rNq3tzuOvEL0gNCrSG1Z/BKMEpJ8JghrTu+540QYaUoZiRvDJINZEIx2hM+pYKxIkOsvm5uXthlZEbJcqWMO5c/TuRIa71lIe2kyMz0aveTPzP66cmagQZFTI1RODFoihlrknc2e/uiCqCDZtagrCi9lYXT5BC2NiElraECsXE5BUbjL8awzrpXNX9m/r1w3Wt2SgiKsMZnMMl+HALTbiHFrQBQwwv8ApvzrPz7nw4n4vWklPMnMISnK9f8UuYKg==</latexit>ppp (何か固有の値を持つ)

<latexit sha1_base64="yzcRTHGmcIIoXBPb579TXd09hAM="></latexit>

Eppp =

⇢
ppp2

2m
(non-relativistic),

p
ppp2c2 +m2c4 (relativistic)

�

<latexit sha1_base64="MkIoPwsUZv/ZYajda2crfJitGtE="></latexit>

(wave) ⇠ superposition (over kkk) of e�i!kkkt+ikkk·xxx 

ド・ブロイ-アインシュタインの関係式

<latexit sha1_base64="sQDJ/1mOgqtSR/dQ1Wgm9Fi4G3M="></latexit>

 (t,xxx) ⇠ e�iEpppt+ippp·xxx
⇣
= e+ipµx

µ
⌘

note: (metric) = diag(-1,1,1,1); 
自然単位を採用:

<latexit sha1_base64="v5V60vmmDt8O3zYv6J1fN+4SHcI=">AAACCHicbVBLSgNBFOyJvxh/UZduGoPgKsyIaDZCwI3LCOYDyRDedDpJk56esfuNEIZcwAu41Ru4E7fewgt4DjvJLExiwYOi6j3qUUEshUHX/XZya+sbm1v57cLO7t7+QfHwqGGiRDNeZ5GMdCsAw6VQvI4CJW/FmkMYSN4MRrdTv/nEtRGResBxzP0QBkr0BQO0kt8ZBqDpDWV2vG6x5JbdGegq8TJSIhlq3eJPpxexJOQKmQRj2p4bo5+CRsEknxQ6ieExsBEMeNtSBSE3fjp7ekLPrNKj/UjbUUhn6t+LFEJjxmFgN0PAoVn2puJ/XjvBfsVPhYoT5IrNg/qJpBjRaQO0JzRnKMeWANPC/krZEDQwtD0tpAQaRhwnBVuMt1zDKmlclL2r8uX9ZalaySrKkxNySs6JR65JldyRGqkTRh7JC3klb86z8+58OJ/z1ZyT3RyTBThfv7JwmOo=</latexit>

~ = c = 1

平⾯波(plane wave)による粒⼦の表現:

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="IrgTRZ8rOZSr+XnbQ4/nq6MZoXE=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFZLa2mRXEMFlBfuANJTJdNoOnUnCzEQoIXt/wK3+gTtx62/4A36Hk7aCFT1w4XDOvdx7TxAzKpVlfRiFtfWNza3idmlnd2//oHx41JFRIjBp44hFohcgSRgNSVtRxUgvFgTxgJFuML3K/e49EZJG4Z2axcTnaBzSEcVIacm7HqT9mAdpnGWDcsUyXadev3CgZVqWW3UbmriuazdsaGslRwUs0RqUP/vDCCechAozJKVnW7HyUyQUxYxkpX4iSYzwFI2Jp2mIOJF+Oj85g2daGcJRJHSFCs7VnxMp4lLOeKA7OVIT+dvLxb88L1Ejx09pGCeKhHixaJQwqCKY/w+HVBCs2EwThAXVt0I8QQJhpVNa2RIINCUqK+lgvr+H/5NO1bQvzdptrdJ0lhEVwQk4BefABg3QBDegBdoAgwg8gifwbDwYL8ar8bZoLRjLmWOwAuP9C71TmlM=</latexit>

Eppp

を正しく表現している 
(⇒幅広く使用されている)

◦ 固有の運動量を表現

◦ エネルギーの運動量依存性(分散関係)



ところが！
 この結果を思い出そう → 
  量⼦⼒学的粒⼦の配位は、空間的に 
  局在化している筈

(?)

[A. Tonomura, Proceedings of the National Academy of Sciences, 
USA, 102, 14952 (2005)] ここまでのまとめ:

• 平⾯波を利⽤した量⼦的な粒⼦の表現は、 
  “粒⼦としての”幾つかの性質(運動量、分散関係)を正しく表現

• しかし、他の重要な性質(局在性)は全く表現されていない!



ところが！
 この結果を思い出そう → 
  量⼦⼒学的粒⼦の配位は、空間的に 
  局在化している筈

(?)

[A. Tonomura, Proceedings of the National Academy of Sciences, 
USA, 102, 14952 (2005)] ここまでのまとめ:

• 平⾯波を利⽤した量⼦的な粒⼦の表現は、 
  “粒⼦としての”幾つかの性質(運動量、分散関係)を正しく表現

• しかし、他の重要な性質(局在性)は全く表現されていない!

波束を使用すれば、局在性も加味した 
完全な量子力学的粒子の表現が可能になる!



波束量子力学
本日の話のキーワード

波(の)束 (wave packet) 分子・原子といった 

この世の中のミクロな構造を 

記述する為の言語・方法論 

(Quantum Theory)

物理学(Physics)は、 
初めこの世のマクロな構造(身の回りの世界) 

を理解することから始まった。 
[古典理論 (Classical Theory)]

色々な波を束状に集めると、 

どんな形も表現できる。 ?

?? ???

Done!

Done!
Done!

次に、平
面波での

標準的な
計算に 

関して議
論しまし

ょう。



 先程話お話した通り、量⼦⼒学/論では、諸々の議論は 
  対応する確率量の計算になります。

物理過程一つ一つで何が起こるかは測ってみるまで 
わからない。しかし、確率量の性質・分布は 
理論から決定でき、実験でも測れる。



 先程話お話した通り、量⼦⼒学/論では、諸々の議論は 
  対応する確率量の計算になります。

物理過程一つ一つで何が起こるかは測ってみるまで 
わからない。しかし、確率量の性質・分布は 
理論から決定でき、実験でも測れる。

◦⼀枚300円の宝くじを⼀枚買って、 
⼀等賞(7億円!)が当たることは 
極々々々々々偶にはある。 
[⼀つ⼀つの過程の極端な例]

[https://univ-juken.com/takarakuzi]

これの理解は、以下の身近(!?)な例の理解と基本的に同じです。



 先程話お話した通り、量⼦⼒学/論では、諸々の議論は 
  対応する確率量の計算になります。

物理過程一つ一つで何が起こるかは測ってみるまで 
わからない。しかし、確率量の性質・分布は 
理論から決定でき、実験でも測れる。

[https://univ-juken.com/takarakuzi]

これの理解は、以下の身近(!?)な例の理解と基本的に同じです。

[賭博破戒録カイジ、沼編]

◦⼀枚300円の宝くじを⼀枚買って、 
⼀等賞(7億円!)が当たることは 
極々々々々々偶にはある。 
[⼀つ⼀つの過程の極端な例]



 先程話お話した通り、量⼦⼒学/論では、諸々の議論は 
  対応する確率量の計算になります。

物理過程一つ一つで何が起こるかは測ってみるまで 
わからない。しかし、確率量の性質・分布は 
理論から決定でき、実験でも測れる。

◦⼀枚300円の宝くじを⼀枚買って、 
⼀等賞(7億円!)が当たることは 
極々々々々々偶にはある。 
[⼀つ⼀つの過程の極端な例] 

◦賞⾦の期待値は、理論的に計算可能。 
右のデータを下にすると、約148円。 
⇒ 基本的には⼤きく損をする。 

[宝くじの確率分布の性質の⼀例]

[https://univ-juken.com/takarakuzi]

これの理解は、以下の身近(!?)な例の理解と基本的に同じです。

[賭博破戒録カイジ、沼編]



 この世の根本的なミクロな世界が、確率によって⽀配されるのは 
  不思議な気がしますが、これは観測事実なので、認めて先に 
  進みましょう。

 更に以下では、本質に集中するため、最も単純な (1⇒2)-体 
  量⼦遷移に集中しましょう。

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

初状態 
(一体)

終状態 
(二体)

これは、重たい粒⼦    が相互作⽤ 
により、より軽い粒⼦対 
に崩壊する過程。

<latexit sha1_base64="7c7djoFrFNVkMn8VIlDEmS3vZzc=">AAAB/3icbVDLSsNAFJ3UV62vqks3g0VwVRIR7bLgxmUF+4A2lMn0phk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEc2jzSEa65zEDUihoo0AJvVgDCz0JXW9yl/vdJ9BGROoRpzG4IRsr4QvOMJcGrUAMqzW7bs9B14lTkBop0BpWfwajiCchKOSSGdN37BjdlGkUXMKsMkgMxIxP2Bj6GVUsBOOm81tn9CJTRtSPdFYK6Vz9O5Gy0Jhp6GWdIcPArHq5+J/XT9BvuKlQcYKg+GKRn0iKEc0fpyOhgaOcZoRxLbJbKQ+YZhyzeJa2eJpNAGeVLBhnNYZ10rmqOzf164frWrNRRFQmZ+ScXBKH3JImuSct0iacBOSFvJI369l6tz6sz0VrySpmTskSrK9fDiGWhg==</latexit>

�
<latexit sha1_base64="xVFJb4+lUTUWnvZHg1YLj2+F4U0=">AAACCHicbVBLSgNBEO2Jvxh/UZduGoPgKsyEoFkG3LiMYD6QDKGnU5M06fnYXSOEIRfwAm71Bu7ErbfwAp7DzmQWmvigqMd7VVTxvFgKjbb9ZRU2Nre2d4q7pb39g8Oj8vFJR0eJ4tDmkYxUz2MapAihjQIl9GIFLPAkdL3pzcLvPoLSIgrvcRaDG7BxKHzBGRrJHcQTMXRo1mrDcsWu2hnoOnFyUiE5WsPy92AU8SSAELlkWvcdO0Y3ZQoFlzAvDRINMeNTNoa+oSELQLtp9vScXhhlRP1ImQqRZurvjZQFWs8Cz0wGDCd61VuI/3n9BP2Gm4owThBCvjzkJ5JiRBcJ0JFQwFHODGFcCfMr5ROmGEeT058rnmJTwHnJBOOsxrBOOrWqc1Wt39UrzUYeUZGckXNySRxyTZrklrRIm3DyQJ7JC3m1nqw36936WI4WrHznlPyB9fkDOkqZ3g==</latexit>

�1�2

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>
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p1

p2



 この世の根本的なミクロな世界が、確率によって⽀配されるのは 
  不思議な気がしますが、これは観測事実なので、認めて先に 
  進みましょう。

 更に以下では、本質に集中するため、最も単純な (1⇒2)-体 
  量⼦遷移に集中しましょう。

time

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�
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p1

p2

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

初状態 
(一体)

終状態 
(二体)

初状態 
(一体)

終状態 
(二体)

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

<latexit sha1_base64="/8dAKD5AcGb3Lu32MZXW5LwdsBs=">AAACFXicbVDLSsNAFL3xWesr6kZwM1hEVyUpRbssuHFZwT6gCWEynTRDJw9mJkIJ9Tf8Abf6B+7ErWt/wO9w2mZhWw8MczjnXu69x085k8qyvo219Y3Nre3STnl3b//g0Dw67sgkE4S2ScIT0fOxpJzFtK2Y4rSXCoojn9OuP7qd+t1HKiRL4gc1Tqkb4WHMAkaw0pJnnjqtkCFHJchJQ3bp2cVf88yKVbVmQKvELkgFCrQ888cZJCSLaKwIx1L2bStVbo6FYoTTSdnJJE0xGeEh7Wsa44hKN59dMEEXWhmgIBH6xQrN1L8dOY6kHEe+roywCuWyNxX/8/qZChpuzuI0UzQm80FBxpE+eBoHGjBBieJjTTARTO+KSIgFJkqHtjDFF3hE1aSsg7GXY1glnVrVvq7W7+uVZqOIqARncA5XYMMNNOEOWtAGAk/wAq/wZjwb78aH8TkvXTOKnhNYgPH1C8yQncc=</latexit>

� ! �0
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<latexit sha1_base64="62SEb41BCfWrxua6uowuCorDQqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkV0VRIp2mXBjcsK9gFtKJPpTTtkMgkzE6GE7vwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHDu5nfeUKpWCwe9SRBLyIjwQJGiTZSp5+M2eXAHZQrTtWZw14nbk4qkKM5KP/0hzFNIxSacqJUz3US7WVEakY5Tkv9VGFCaEhG2DNUkAiVl83PndoXRhnaQSxNCW3P1b8TGYmUmkS+6YyIHqtVbyb+5/VSHdS9jIkk1SjoYlGQclvH9ux3e8gkUs0nhhAqmbnVpmMiCdUmoaUtviQh6mnJBOOuxrBO2tdV96Zae6hVGvU8oiKcwTlcgQu30IB7aEILKITwAq/wZj1b79aH9bloLVj5zCkswfr6Bdmcl3s=</latexit>

�0
1

<latexit sha1_base64="jmOMjMHxLc5N+UpY1cxYt7+oQ24=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA9hd0QNMeAF48RzAOSJcxOZpNhZx/M9Aphyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk7bOk4V4y0Wy1h1Paq5FBFvoUDJu4niNPQk73jB3czvPHGlRRw94iThbkhHkfAFo2ikTj8Zi6tBdVAq2xV7DrJOnJyUIUdzUPrpD2OWhjxCJqnWPcdO0M2oQsEknxb7qeYJZQEd8Z6hEQ25drP5uVNyaZQh8WNlKkIyV/9OZDTUehJ6pjOkONar3kz8z+ul6NfdTERJijxii0V+KgnGZPY7GQrFGcqJIZQpYW4lbEwVZWgSWtriKRpwnBZNMM5qDOukXa04N5XaQ63cqOcRFeAcLuAaHLiFBtxDE1rAIIAXeIU369l6tz6sz0XrhpXPnMESrK9f2zSXfA==</latexit>

�0
2

他の相互作⽤      が存在するなら、 
別種のより軽い粒⼦対 
に崩壊する過程も存在。

<latexit sha1_base64="sgmRvidVFuMEseT+4xbEtoHTryg=">AAACDHicbVDLSsNAFL2pr1ofjbp0M1hEVyUpRbssuHFZwT6gDWEynbRDJ5MwMxFK6C/4A271D9yJW//BH/A7nLZZ2NYDl3s4517u5QQJZ0o7zrdV2Nre2d0r7pcODo+Oy/bJaUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67weRu7nefqFQsFo96mlAvwiPBQkawNpJvlwfJmF35Llr2mm9XnKqzANokbk4qkKPl2z+DYUzSiApNOFaq7zqJ9jIsNSOczkqDVNEEkwke0b6hAkdUedni8Rm6NMoQhbE0JTRaqH83MhwpNY0CMxlhPVbr3lz8z+unOmx4GRNJqqkgy0NhypGO0TwFNGSSEs2nhmAimfkVkTGWmGiT1cqVQOIJ1bOSCcZdj2GTdGpV96Zaf6hXmo08oiKcwwVcgwu30IR7aEEbCKTwAq/wZj1b79aH9bkcLVj5zhmswPr6BYJHmnE=</latexit>

�0
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 この世の根本的なミクロな世界が、確率によって⽀配されるのは 
  不思議な気がしますが、これは観測事実なので、認めて先に 
  進みましょう。

 更に以下では、本質に集中するため、最も単純な (1⇒2)-体 
  量⼦遷移に集中しましょう。

time

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�
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p2

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

初状態 
(一体)

終状態 
(二体)

初状態 
(一体)

終状態 
(二体)

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�
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p2

<latexit sha1_base64="/8dAKD5AcGb3Lu32MZXW5LwdsBs=">AAACFXicbVDLSsNAFL3xWesr6kZwM1hEVyUpRbssuHFZwT6gCWEynTRDJw9mJkIJ9Tf8Abf6B+7ErWt/wO9w2mZhWw8MczjnXu69x085k8qyvo219Y3Nre3STnl3b//g0Dw67sgkE4S2ScIT0fOxpJzFtK2Y4rSXCoojn9OuP7qd+t1HKiRL4gc1Tqkb4WHMAkaw0pJnnjqtkCFHJchJQ3bp2cVf88yKVbVmQKvELkgFCrQ888cZJCSLaKwIx1L2bStVbo6FYoTTSdnJJE0xGeEh7Wsa44hKN59dMEEXWhmgIBH6xQrN1L8dOY6kHEe+roywCuWyNxX/8/qZChpuzuI0UzQm80FBxpE+eBoHGjBBieJjTTARTO+KSIgFJkqHtjDFF3hE1aSsg7GXY1glnVrVvq7W7+uVZqOIqARncA5XYMMNNOEOWtAGAk/wAq/wZjwb78aH8TkvXTOKnhNYgPH1C8yQncc=</latexit>
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<latexit sha1_base64="62SEb41BCfWrxua6uowuCorDQqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkV0VRIp2mXBjcsK9gFtKJPpTTtkMgkzE6GE7vwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHDu5nfeUKpWCwe9SRBLyIjwQJGiTZSp5+M2eXAHZQrTtWZw14nbk4qkKM5KP/0hzFNIxSacqJUz3US7WVEakY5Tkv9VGFCaEhG2DNUkAiVl83PndoXRhnaQSxNCW3P1b8TGYmUmkS+6YyIHqtVbyb+5/VSHdS9jIkk1SjoYlGQclvH9ux3e8gkUs0nhhAqmbnVpmMiCdUmoaUtviQh6mnJBOOuxrBO2tdV96Zae6hVGvU8oiKcwTlcgQu30IB7aEILKITwAq/wZj1b79aH9bloLVj5zCkswfr6Bdmcl3s=</latexit>

�0
1

<latexit sha1_base64="jmOMjMHxLc5N+UpY1cxYt7+oQ24=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA9hd0QNMeAF48RzAOSJcxOZpNhZx/M9Aphyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk7bOk4V4y0Wy1h1Paq5FBFvoUDJu4niNPQk73jB3czvPHGlRRw94iThbkhHkfAFo2ikTj8Zi6tBdVAq2xV7DrJOnJyUIUdzUPrpD2OWhjxCJqnWPcdO0M2oQsEknxb7qeYJZQEd8Z6hEQ25drP5uVNyaZQh8WNlKkIyV/9OZDTUehJ6pjOkONar3kz8z+ul6NfdTERJijxii0V+KgnGZPY7GQrFGcqJIZQpYW4lbEwVZWgSWtriKRpwnBZNMM5qDOukXa04N5XaQ63cqOcRFeAcLuAaHLiFBtxDE1rAIIAXeIU369l6tz6sz0XrhpXPnMESrK9f2zSXfA==</latexit>

�0
2

後で示すように、 
平⾯波の計算では、 
⼆つの崩壊過程は、それぞれ 
対応する単位時間あたりの 
崩壊確率 Γ12, Γ’12 で特徴づく。

Γ12 Γ’12



 この世の根本的なミクロな世界が、確率によって⽀配されるのは 
  不思議な気がしますが、これは観測事実なので、認めて先に 
  進みましょう。

 更に以下では、本質に集中するため、最も単純な (1⇒2)-体 
  量⼦遷移に集中しましょう。

time

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

初状態 
(一体)

終状態 
(二体)

初状態 
(一体)

終状態 
(二体)

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

<latexit sha1_base64="/8dAKD5AcGb3Lu32MZXW5LwdsBs=">AAACFXicbVDLSsNAFL3xWesr6kZwM1hEVyUpRbssuHFZwT6gCWEynTRDJw9mJkIJ9Tf8Abf6B+7ErWt/wO9w2mZhWw8MczjnXu69x085k8qyvo219Y3Nre3STnl3b//g0Dw67sgkE4S2ScIT0fOxpJzFtK2Y4rSXCoojn9OuP7qd+t1HKiRL4gc1Tqkb4WHMAkaw0pJnnjqtkCFHJchJQ3bp2cVf88yKVbVmQKvELkgFCrQ888cZJCSLaKwIx1L2bStVbo6FYoTTSdnJJE0xGeEh7Wsa44hKN59dMEEXWhmgIBH6xQrN1L8dOY6kHEe+roywCuWyNxX/8/qZChpuzuI0UzQm80FBxpE+eBoHGjBBieJjTTARTO+KSIgFJkqHtjDFF3hE1aSsg7GXY1glnVrVvq7W7+uVZqOIqARncA5XYMMNNOEOWtAGAk/wAq/wZjwb78aH8TkvXTOKnhNYgPH1C8yQncc=</latexit>
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<latexit sha1_base64="62SEb41BCfWrxua6uowuCorDQqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkV0VRIp2mXBjcsK9gFtKJPpTTtkMgkzE6GE7vwBt/oH7sStP+IP+B1O2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHDu5nfeUKpWCwe9SRBLyIjwQJGiTZSp5+M2eXAHZQrTtWZw14nbk4qkKM5KP/0hzFNIxSacqJUz3US7WVEakY5Tkv9VGFCaEhG2DNUkAiVl83PndoXRhnaQSxNCW3P1b8TGYmUmkS+6YyIHqtVbyb+5/VSHdS9jIkk1SjoYlGQclvH9ux3e8gkUs0nhhAqmbnVpmMiCdUmoaUtviQh6mnJBOOuxrBO2tdV96Zae6hVGvU8oiKcwTlcgQu30IB7aEILKITwAq/wZj1b79aH9bloLVj5zCkswfr6Bdmcl3s=</latexit>

�0
1

<latexit sha1_base64="jmOMjMHxLc5N+UpY1cxYt7+oQ24=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA9hd0QNMeAF48RzAOSJcxOZpNhZx/M9Aphyc0f8Kp/4E28+iP+gN/hJNmDSSxoKKq66e7yEik02va3tbG5tb2zW9gr7h8cHh2XTk7bOk4V4y0Wy1h1Paq5FBFvoUDJu4niNPQk73jB3czvPHGlRRw94iThbkhHkfAFo2ikTj8Zi6tBdVAq2xV7DrJOnJyUIUdzUPrpD2OWhjxCJqnWPcdO0M2oQsEknxb7qeYJZQEd8Z6hEQ25drP5uVNyaZQh8WNlKkIyV/9OZDTUehJ6pjOkONar3kz8z+ul6NfdTERJijxii0V+KgnGZPY7GQrFGcqJIZQpYW4lbEwVZWgSWtriKRpwnBZNMM5qDOukXa04N5XaQ63cqOcRFeAcLuAaHLiFBtxDE1rAIIAXeIU369l6tz6sz0XrhpXPnMESrK9f2zSXfA==</latexit>

�0
2

Γ12 Γ’12

◦  Γtotal := Γ12 + Γ’12 を全崩壊確率と呼ぶ。 
 これは、単位時間辺りにどちらかに崩壊する確率。 

◦  τ := 1/(Γtotal) は時間の物理単位を持ち、これは崩壊する 
 粒⼦の平均寿命を表す。

後で示すように、 
平⾯波の計算では、 
⼆つの崩壊過程は、それぞれ 
対応する単位時間あたりの 
崩壊確率 Γ12, Γ’12 で特徴づく。



[https://www.rri.kyoto-u.ac.jp/NRP/research/research_forward.htm]

鉄の同位体 Fe57 の 
(第⼀励起状態からγ線(光の量⼦)を放出して基底状態に落ち着く) 

”崩壊”までにかかった時間の実験結果

t0 = 141 [nano seconds]



 単位時間あたりの確率は、物理次元「(時間)-1」をもつ量で、 
  ”(時間)-1で平均化した” (相対的な) 確率と理解できます。

 ⼀⽅で、通常考える「あるイベントが発⽣する確率」は、 
  物理次元を持たない (絶対的な) 確率で記述されます。 
   
  [例] 理想的なサイコロを⼀回降って、⼀の⽬が出る確率は 1/6 (無次元量).



 単位時間あたりの確率は、物理次元「(時間)-1」をもつ量で、 
  ”(時間)-1で平均化した” (相対的な) 確率と理解できます。

 ⼀⽅で、通常考える「あるイベントが発⽣する確率」は、 
  物理次元を持たない (絶対的な) 確率で記述されます。 
   
  [例] 理想的なサイコロを⼀回降って、⼀の⽬が出る確率は 1/6 (無次元量).

 なぜ平⾯波の計算で、絶対的な確率を考えないのでしょうか？ 
 
  答えは、考えないのではなく、考えられないのです。

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="IrgTRZ8rOZSr+XnbQ4/nq6MZoXE=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFZLa2mRXEMFlBfuANJTJdNoOnUnCzEQoIXt/wK3+gTtx62/4A36Hk7aCFT1w4XDOvdx7TxAzKpVlfRiFtfWNza3idmlnd2//oHx41JFRIjBp44hFohcgSRgNSVtRxUgvFgTxgJFuML3K/e49EZJG4Z2axcTnaBzSEcVIacm7HqT9mAdpnGWDcsUyXadev3CgZVqWW3UbmriuazdsaGslRwUs0RqUP/vDCCechAozJKVnW7HyUyQUxYxkpX4iSYzwFI2Jp2mIOJF+Oj85g2daGcJRJHSFCs7VnxMp4lLOeKA7OVIT+dvLxb88L1Ejx09pGCeKhHixaJQwqCKY/w+HVBCs2EwThAXVt0I8QQJhpVNa2RIINCUqK+lgvr+H/5NO1bQvzdptrdJ0lhEVwQk4BefABg3QBDegBdoAgwg8gifwbDwYL8ar8bZoLRjLmWOwAuP9C71TmlM=</latexit>

Eppp
<latexit sha1_base64="LMMxf9qkIIBCnz6i6JjgbC8ltJc=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY4kXjxCIo8ENmR2aGDC7OxmZtZINvgDXvUPvBmv/os/4Hc4wB4ErKSTSlV3uruCWHBtXPfbyW1sbm3v5HcLe/sHh0fF45OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsZ3M7/1iErzSD6YSYx+SIeSDzijxkr1p16x5JbdOcg68TJSggy1XvGn249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n80Cm5sEqfDCJlSxoyV/9OpDTUehIGtjOkZqRXvZn4n9dJzKDip1zGiUHJFosGiSAmIrOvSZ8rZEZMLKFMcXsrYSOqKDM2m6UtgaJjNNOCDcZbjWGdNK/K3k35un5dqlayiPJwBudwCR7cQhXuoQYNYIDwAq/w5jw7786H87lozTnZzCkswfn6BfzylWM=</latexit>x

<latexit sha1_base64="KYE9h66qfAJExYis5Th/+yjaN2Q=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgxmUL9gFtKJPpTTt0MgkzN0II9Qfc6h+4E7f+iz/gdzhts7CtBy4czrmXe+/xY8E1Os63Vdja3tndK+6XDg6Pjk/Kp2cdHSWKQZtFIlI9n2oQXEIbOQroxQpo6Avo+tP7ud99AqV5JB8xjcEL6VjygDOKRmqlw3LFqToL2JvEzUmF5GgOyz+DUcSSECQyQbXuu06MXkYVciZgVhokGmLKpnQMfUMlDUF72eLQmX1llJEdRMqURHuh/p3IaKh1GvqmM6Q40eveXPzP6ycY1L2MyzhBkGy5KEiEjZE9/9oecQUMRWoIZYqbW202oYoyNNmsbPEVnQLOSiYYdz2GTdK5qbq31VqrVmnU84iK5IJckmvikjvSIA+kSdqEESAv5JW8Wc/Wu/VhfS5bC1Y+c05WYH39Av6KlWQ=</latexit>y

<latexit sha1_base64="LMMxf9qkIIBCnz6i6JjgbC8ltJc=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY4kXjxCIo8ENmR2aGDC7OxmZtZINvgDXvUPvBmv/os/4Hc4wB4ErKSTSlV3uruCWHBtXPfbyW1sbm3v5HcLe/sHh0fF45OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsZ3M7/1iErzSD6YSYx+SIeSDzijxkr1p16x5JbdOcg68TJSggy1XvGn249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n80Cm5sEqfDCJlSxoyV/9OpDTUehIGtjOkZqRXvZn4n9dJzKDip1zGiUHJFosGiSAmIrOvSZ8rZEZMLKFMcXsrYSOqKDM2m6UtgaJjNNOCDcZbjWGdNK/K3k35un5dqlayiPJwBudwCR7cQhXuoQYNYIDwAq/w5jw7786H87lozTnZzCkswfn6BfzylWM=</latexit>x

<latexit sha1_base64="KYE9h66qfAJExYis5Th/+yjaN2Q=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgxmUL9gFtKJPpTTt0MgkzN0II9Qfc6h+4E7f+iz/gdzhts7CtBy4czrmXe+/xY8E1Os63Vdja3tndK+6XDg6Pjk/Kp2cdHSWKQZtFIlI9n2oQXEIbOQroxQpo6Avo+tP7ud99AqV5JB8xjcEL6VjygDOKRmqlw3LFqToL2JvEzUmF5GgOyz+DUcSSECQyQbXuu06MXkYVciZgVhokGmLKpnQMfUMlDUF72eLQmX1llJEdRMqURHuh/p3IaKh1GvqmM6Q40eveXPzP6ycY1L2MyzhBkGy5KEiEjZE9/9oecQUMRWoIZYqbW202oYoyNNmsbPEVnQLOSiYYdz2GTdK5qbq31VqrVmnU84iK5IJckmvikjvSIA+kSdqEESAv5JW8Wc/Wu/VhfS5bC1Y+c05WYH39Av6KlWQ=</latexit>y

<latexit sha1_base64="eTk8wBJKAQlG0VXE5iybZe96r9M=">AAACE3icbVBLSgNBFOyJvzj+ooIbN4NBiAhhRoJmGXDjMoL5QCaEns6bpElPz9D9Rgwxx/ACbvUG7sStB/ACnsPOZ2GiBQ+KqveoRwWJ4Bpd98vKrKyurW9kN+2t7Z3dvdz+QV3HqWJQY7GIVTOgGgSXUEOOApqJAhoFAhrB4HriN+5BaR7LOxwm0I5oT/KQM4pG6uSOfM2lLyDEgv1wPrR9xXt9POvk8m7RncL5S7w5yZM5qp 3ct9+NWRqBRCao1i3PTbA9ogo5EzC2/VRDQtmA9qBlqKQR6PZo+v/YOTVK1wljZUaiM1V/X4xopPUwCsxmRLGvl72J+J/XSjEst0dcJimCZLOgMBUOxs6kDKfLFTAUQ0MoU9z86rA+VZShqWwhJVB0ADi2TTHecg1/Sf2i6F0WS7elfKU8ryhLjskJKRCPXJEKuSFVUiOMPJJn8kJerSfrzXq3PmarGWt+c0gWYH3+AEq0nZY=</latexit>

sin (x+ y)
<latexit sha1_base64="aZJTYE+Gt8jMhaoUAvhFu65BLvM=">AAACFXicbVDLSgNBEJz17fpa9SJ4WQxCRAi7IWiOAS8eFYwGsjHMTnqTIbOzy0yvGEL8DX/Aq/6BN/Hq2R/wO5w8DiaxoKGo6qa7K0wF1+h539bC4tLyyuraur2xubW94+zu3eokUwyqLBGJqoVUg+ASqshRQC1VQONQwF3YvRj6dw+gNE/kDfZSaMS0LXnEGUUjNZ2DQHN5XwwERJi3H097dqB4u4MnTSfnFbwR3HniT0iOTHDVdH6CVsKyGCQyQbWu+16KjT5VyJmAgR1kGlLKurQNdUMljUE3+qMPBu6xUVpulChTEt2R+neiT2Ote3FoOmOKHT3rDcX/vHqGUbnR5zLNECQbL4oy4WLiDuNwW1wBQ9EzhDLFza0u61BFGZrQpraEinYBB7YJxp+NYZ7cFgv+WaF0XcpVypOI1sghOSJ54pNzUiGX5IpUCSNP5IW8kjfr2Xq3PqzPceuCNZnZJ1Owvn4BiJGeOg==</latexit>

sin2 (x+ y)



 単位時間あたりの確率は、物理次元「(時間)-1」をもつ量で、 
  ”(時間)-1で平均化した” (相対的な) 確率と理解できます。

 ⼀⽅で、通常考える「あるイベントが発⽣する確率」は、 
  物理次元を持たない (絶対的な) 確率で記述されます。 
   
  [例] 理想的なサイコロを⼀回降って、⼀の⽬が出る確率は 1/6 (無次元量).

 なぜ平⾯波の計算で、絶対的な確率を考えないのでしょうか？ 
 
  答えは、考えないのではなく、考えられないのです。

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="IrgTRZ8rOZSr+XnbQ4/nq6MZoXE=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFZLa2mRXEMFlBfuANJTJdNoOnUnCzEQoIXt/wK3+gTtx62/4A36Hk7aCFT1w4XDOvdx7TxAzKpVlfRiFtfWNza3idmlnd2//oHx41JFRIjBp44hFohcgSRgNSVtRxUgvFgTxgJFuML3K/e49EZJG4Z2axcTnaBzSEcVIacm7HqT9mAdpnGWDcsUyXadev3CgZVqWW3UbmriuazdsaGslRwUs0RqUP/vDCCechAozJKVnW7HyUyQUxYxkpX4iSYzwFI2Jp2mIOJF+Oj85g2daGcJRJHSFCs7VnxMp4lLOeKA7OVIT+dvLxb88L1Ejx09pGCeKhHixaJQwqCKY/w+HVBCs2EwThAXVt0I8QQJhpVNa2RIINCUqK+lgvr+H/5NO1bQvzdptrdJ0lhEVwQk4BefABg3QBDegBdoAgwg8gifwbDwYL8ar8bZoLRjLmWOwAuP9C71TmlM=</latexit>

Eppp
<latexit sha1_base64="LMMxf9qkIIBCnz6i6JjgbC8ltJc=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY4kXjxCIo8ENmR2aGDC7OxmZtZINvgDXvUPvBmv/os/4Hc4wB4ErKSTSlV3uruCWHBtXPfbyW1sbm3v5HcLe/sHh0fF45OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsZ3M7/1iErzSD6YSYx+SIeSDzijxkr1p16x5JbdOcg68TJSggy1XvGn249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n80Cm5sEqfDCJlSxoyV/9OpDTUehIGtjOkZqRXvZn4n9dJzKDip1zGiUHJFosGiSAmIrOvSZ8rZEZMLKFMcXsrYSOqKDM2m6UtgaJjNNOCDcZbjWGdNK/K3k35un5dqlayiPJwBudwCR7cQhXuoQYNYIDwAq/w5jw7786H87lozTnZzCkswfn6BfzylWM=</latexit>x

<latexit sha1_base64="KYE9h66qfAJExYis5Th/+yjaN2Q=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgxmUL9gFtKJPpTTt0MgkzN0II9Qfc6h+4E7f+iz/gdzhts7CtBy4czrmXe+/xY8E1Os63Vdja3tndK+6XDg6Pjk/Kp2cdHSWKQZtFIlI9n2oQXEIbOQroxQpo6Avo+tP7ud99AqV5JB8xjcEL6VjygDOKRmqlw3LFqToL2JvEzUmF5GgOyz+DUcSSECQyQbXuu06MXkYVciZgVhokGmLKpnQMfUMlDUF72eLQmX1llJEdRMqURHuh/p3IaKh1GvqmM6Q40eveXPzP6ycY1L2MyzhBkGy5KEiEjZE9/9oecQUMRWoIZYqbW202oYoyNNmsbPEVnQLOSiYYdz2GTdK5qbq31VqrVmnU84iK5IJckmvikjvSIA+kSdqEESAv5JW8Wc/Wu/VhfS5bC1Y+c05WYH39Av6KlWQ=</latexit>y

<latexit sha1_base64="LMMxf9qkIIBCnz6i6JjgbC8ltJc=">AAAB/HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNUY4kXjxCIo8ENmR2aGDC7OxmZtZINvgDXvUPvBmv/os/4Hc4wB4ErKSTSlV3uruCWHBtXPfbyW1sbm3v5HcLe/sHh0fF45OmjhLFsMEiEal2QDUKLrFhuBHYjhXSMBDYCsZ3M7/1iErzSD6YSYx+SIeSDzijxkr1p16x5JbdOcg68TJSggy1XvGn249YEqI0TFCtO54bGz+lynAmcFroJhpjysZ0iB1LJQ1R++n80Cm5sEqfDCJlSxoyV/9OpDTUehIGtjOkZqRXvZn4n9dJzKDip1zGiUHJFosGiSAmIrOvSZ8rZEZMLKFMcXsrYSOqKDM2m6UtgaJjNNOCDcZbjWGdNK/K3k35un5dqlayiPJwBudwCR7cQhXuoQYNYIDwAq/w5jw7786H87lozTnZzCkswfn6BfzylWM=</latexit>x

<latexit sha1_base64="KYE9h66qfAJExYis5Th/+yjaN2Q=">AAAB/HicbVDLSsNAFJ3UV62vqks3wSK4KokU7bLgxmUL9gFtKJPpTTt0MgkzN0II9Qfc6h+4E7f+iz/gdzhts7CtBy4czrmXe+/xY8E1Os63Vdja3tndK+6XDg6Pjk/Kp2cdHSWKQZtFIlI9n2oQXEIbOQroxQpo6Avo+tP7ud99AqV5JB8xjcEL6VjygDOKRmqlw3LFqToL2JvEzUmF5GgOyz+DUcSSECQyQbXuu06MXkYVciZgVhokGmLKpnQMfUMlDUF72eLQmX1llJEdRMqURHuh/p3IaKh1GvqmM6Q40eveXPzP6ycY1L2MyzhBkGy5KEiEjZE9/9oecQUMRWoIZYqbW202oYoyNNmsbPEVnQLOSiYYdz2GTdK5qbq31VqrVmnU84iK5IJckmvikjvSIA+kSdqEESAv5JW8Wc/Wu/VhfS5bC1Y+c05WYH39Av6KlWQ=</latexit>y

<latexit sha1_base64="eTk8wBJKAQlG0VXE5iybZe96r9M=">AAACE3icbVBLSgNBFOyJvzj+ooIbN4NBiAhhRoJmGXDjMoL5QCaEns6bpElPz9D9Rgwxx/ACbvUG7sStB/ACnsPOZ2GiBQ+KqveoRwWJ4Bpd98vKrKyurW9kN+2t7Z3dvdz+QV3HqWJQY7GIVTOgGgSXUEOOApqJAhoFAhrB4HriN+5BaR7LOxwm0I5oT/KQM4pG6uSOfM2lLyDEgv1wPrR9xXt9POvk8m7RncL5S7w5yZM5qp 3ct9+NWRqBRCao1i3PTbA9ogo5EzC2/VRDQtmA9qBlqKQR6PZo+v/YOTVK1wljZUaiM1V/X4xopPUwCsxmRLGvl72J+J/XSjEst0dcJimCZLOgMBUOxs6kDKfLFTAUQ0MoU9z86rA+VZShqWwhJVB0ADi2TTHecg1/Sf2i6F0WS7elfKU8ryhLjskJKRCPXJEKuSFVUiOMPJJn8kJerSfrzXq3PmarGWt+c0gWYH3+AEq0nZY=</latexit>

sin (x+ y)
<latexit sha1_base64="aZJTYE+Gt8jMhaoUAvhFu65BLvM=">AAACFXicbVDLSgNBEJz17fpa9SJ4WQxCRAi7IWiOAS8eFYwGsjHMTnqTIbOzy0yvGEL8DX/Aq/6BN/Hq2R/wO5w8DiaxoKGo6qa7K0wF1+h539bC4tLyyuraur2xubW94+zu3eokUwyqLBGJqoVUg+ASqshRQC1VQONQwF3YvRj6dw+gNE/kDfZSaMS0LXnEGUUjNZ2DQHN5XwwERJi3H097dqB4u4MnTSfnFbwR3HniT0iOTHDVdH6CVsKyGCQyQbWu+16KjT5VyJmAgR1kGlLKurQNdUMljUE3+qMPBu6xUVpulChTEt2R+neiT2Ote3FoOmOKHT3rDcX/vHqGUbnR5zLNECQbL4oy4WLiDuNwW1wBQ9EzhDLFza0u61BFGZrQpraEinYBB7YJxp+NYZ7cFgv+WaF0XcpVypOI1sghOSJ54pNzUiGX5IpUCSNP5IW8kjfr2Xq3PqzPceuCNZnZJ1Owvn4BiJGeOg==</latexit>

sin2 (x+ y)

0

空間全体で、 
積分すると答えは∞



第二部: 
平面波の計算の限界と、 
波束計算の導入

(修士向け、~15分)



 We focus on the (1→2)-body relativistic transition/decay:

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

interaction(s)
<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

far past far future

free

state

free

state

free

state

far 
distant

position

Review on plane-wave amplitude



 We focus on the (1→2)-body relativistic transition/decay:

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

interaction(s)
<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

far past (Tin→-∞) far future (Tout→+∞)

free

state

free

state

free

state

far 
distant

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

manifest energy-momentum 
conservation 

(due to translation invariance)

(factorised) 
amplitude

transition amplitude 
(S-matrix)

<latexit sha1_base64="ilFvtU1K0l7DQ9jy8TxiGBxgz5o="></latexit>

bH(I)
int =

Z 1

�1
d
3
xxx bH(I)

int (t,xxx)◦

(in interaction

picture)

interaction

Hamiltonian density

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

◦ (`T’ represents 
 the time-ordered product 
 for relativistic process.)

position

Review on plane-wave amplitude



Review on plane-wave amplitude
 We focus on the (1→2)-body relativistic transition/decay:

momentum eigenstates
(external free: also mass eigenstates; 
                      Ei2 = pi2 + mi2)

<latexit sha1_base64="8OIYCSue9xhBJ+XP6PvfsDh2oMs=">AAACE3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJKdplwY3LCvYBTQiT6aQZOnkwMxFK7Gf4A271D9yJWz/AH/A7nLZZ2NYDwxzOuZd77/FTzqSyrG+jtLG5tb1T3q3s7R8cHpnHJ12ZZILQDkl4Ivo+lpSzmHYUU5z2U0Fx5HPa88e3M7/3SIVkSfygJil1IzyKWcAIVlryzDOnHTLkqAQ5acg8e/HVPbNq1aw50DqxC1KFAm3P/HGGCckiGivCsZQD20qVm2OhGOF0WnEySVNMxnhEB5rGOKLSzef7T9GlVoYoSIR+sUJz9W9HjiMpJ5GvKyOsQrnqzcT/vEGmgqabszjNFI3JYlCQcaTPnYWBhkxQovhEE0wE07siEmKBidKRLU3xBR5TNa3oYOzVGNZJt16zr2uN+0a11SwiKsM5XMAV2HADLbiDNnSAwBO8wCu8Gc/Gu/FhfC5KS0bRcwpLML5+AfhanWU=</latexit>

� ! �1�2

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

 
        P

p1

p2

interaction(s)
<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit>

⇡

<latexit sha1_base64="7z5DCgQ5lGTbhwiL+CYBQ5tGjuk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexK0BwDXjxGMA9IltA7mU2GnZ1ZZmbFsOTmD3jVP/AmXv0Rf8DvcJLswSQWNBRV3XR3BQln2rjut1PY2Nza3inulvb2Dw6PyscnbS1TRWiLSC5VNwBNORO0ZZjhtJsoCnHAaSeIbmd+55EqzaR4MJOE+jGMBAsZAWOlTh+SRMmnQbniVt058DrxclJBOZqD8k9/KEkaU2EIB617npsYPwNlGOF0WuqnmiZAIhjRnqUCYqr9bH7uFF9YZYhDqWwJg+fq34kMYq0ncWA7YzBjverNxP+8XmrCup8xkaSGCrJYFKYcG4lnv+MhU5QYPrEEiGL2VkzGoIAYm9DSlkBBRM20ZIPxVmNYJ+2rqnddrd3XKo16HlERnaFzdIk8dIMa6A41UQsRFKEX9IrenGfn3flwPhetBSefOUVLcL5+AdxrmB0=</latexit> ⇡

far past (Tin→-∞) far future (Tout→+∞)

free

state

free

state

free

state

far 
distant

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

manifest energy-momentum 
conservation 

(due to translation invariance)

(factorised) 
amplitude

<latexit sha1_base64="ilFvtU1K0l7DQ9jy8TxiGBxgz5o="></latexit>

bH(I)
int =
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�1
d
3
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(in interaction
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<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

position

@ (t,x)

transition amplitude 
(S-matrix)

[Integrations] 
→ 

taking 
account of 
all possible 

t and x.



Problem in plane-wave S-matrix

 |SPW|2 is ill-defined due to |𝛿4(Pout-Pin)|2 = 𝛿4(Pout-Pin) × 𝛿4(0). 
 ⇒ Only the averaged (per V and T) frequencies of events is calculable. 

(2π)-4[(Volume)(Time) → ∞] 

We will see soon later. (Tin (= Tinitial) = -∞, Tout (= Tfinal) = +∞)

 Plane-wave  
  S-matrix (1→2) def.:

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

(factorised) 
amplitude

Why the problem happens? 

Plane Wave is 

non-normalisable!

manifest energy-momentum 
conservation

[QFT textbooks]

 Corresponding probability is given as |SPW|2.

<latexit sha1_base64="WX6IBCSNiwQbaZWLvq31TBTwgXE=">AAACAnicdVDLSgMxFM34rPVVdekmWARXZVJKO90V3LisYB/QDiWTZtrQZCYkGaEMs/MH3OofuBO3/og/4HeYaStY0QMXDufcy733BJIzbVz3w9nY3Nre2S3sFfcPDo+OSyenXR0nitAOiXms+gHWlLOIdgwznPalolgEnPaC2XXu9+6p0iyO7sxcUl/gScRCRrCxUm8oRZDKbFQquxXXdRFCMCeoUXctaTa9KvIgyi2LMlihPSp9DscxSQSNDOFY6wFypfFTrAwjnGbFYaKpxGSGJ3RgaYQF1X66ODeDl1YZwzBWtiIDF+rPiRQLrecisJ0Cm6n+7eXiX94gMaHnpyySiaERWS4KEw5NDPPf4ZgpSgyfW4KJYvZWSKZYYWJsQmtbAoVn1GRFG8z39/B/0q1WUL1Su62VW94qogI4BxfgCiDQAC1wA9qgAwiYgUfwBJ6dB+fFeXXelq0bzmrmDKzBef8CQoiYYA==</latexit>ppp

<latexit sha1_base64="IrgTRZ8rOZSr+XnbQ4/nq6MZoXE=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFZLa2mRXEMFlBfuANJTJdNoOnUnCzEQoIXt/wK3+gTtx62/4A36Hk7aCFT1w4XDOvdx7TxAzKpVlfRiFtfWNza3idmlnd2//oHx41JFRIjBp44hFohcgSRgNSVtRxUgvFgTxgJFuML3K/e49EZJG4Z2axcTnaBzSEcVIacm7HqT9mAdpnGWDcsUyXadev3CgZVqWW3UbmriuazdsaGslRwUs0RqUP/vDCCechAozJKVnW7HyUyQUxYxkpX4iSYzwFI2Jp2mIOJF+Oj85g2daGcJRJHSFCs7VnxMp4lLOeKA7OVIT+dvLxb88L1Ejx09pGCeKhHixaJQwqCKY/w+HVBCs2EwThAXVt0I8QQJhpVNa2RIINCUqK+lgvr+H/5NO1bQvzdptrdJ0lhEVwQk4BefABg3QBDegBdoAgwg8gifwbDwYL8ar8bZoLRjLmWOwAuP9C71TmlM=</latexit>

Eppp



plane-wave basis

 Plane wave — the standard tool for describing particles:

 Basis (@ Schrödinger Pic.): 

(plane wave: the eigenstate of     )
<latexit sha1_base64="cJxZIbzy6TQuUGCvW8YxM2Kq28M=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QLiWbZtvQJBuSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfju5nffqLasEQ+2omiocBDyWJGsHVSu6dElKlpv1zxq/4caJUEOalAjka//NUbJCQVVFrCsTHdwFc2zLC2jHA6LfVSQxUmYzykXUclFtSE2fzcKTpzygDFiXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTGN2HGpEotlWSxKE45sgma/Y4GTFNi+cQRTDRztyIywhoT6xIquRCC5ZdXSeuiGlxVLx9qlfptHkcRTuAUziGAa6jDPTSgCQTG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwCp2o/L</latexit>ppp      completely undetermined

<latexit sha1_base64="PhS7Gycy+IIKuzLfowEBpYb0VjE=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21okg1JVixLf4QXD4p49fd489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aJkk1oQ2S8ES3I2woZ5I2LLOctpWmWESctqLR7dRvPVJtWCIf7FjRUOCBZDEj2Dqp1VUiyp4mvXLFr/ozoGUS5KQCOeq98le3n5BUUGkJx8Z0Al/ZMMPaMsLppNRNDVWYjPCAdhyVWFATZrNzJ+jEKX0UJ9qVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZkyq1VJL5ojjlyCZo+jvqM02J5WNHMNHM3YrIEGtMrEuo5EIIFl9eJs2zanBZPb+/qNRu8jiKcATHcAoBXEEN7qAODSAwgmd4hTdPeS/eu/cxby14+cwh/IH3+QO2Ao/T</latexit>xxx
(non-normalisable mode)

 Expansion of Scalar operator (in Int. Pic.):

◦

Wave function of plane wave
Annihilation op. 

for momentum-p state

◦

the one-particle state

[QFT textbooks]

(ignoring the overall factor e-iEt)

<latexit sha1_base64="mmtP2Qmy2UlpxHgIiJjf3MVu6zI="></latexit>

�̂(x) =

Z
d3pppp

(2⇡)3(2Eppp)

h
e+ip·xâppp + h.c.

i

<latexit sha1_base64="7GrFDj7i3hpKBG8gW1cwdLmbh2A="></latexit>

|pppi = â†ppp|0i

<latexit sha1_base64="V+NZdtaMtcdDoHyAXyt62aiSFRY=">AAACMXicbVDLSgMxFM34tr6qLt0Ei+BCyoyIuhTduFSwKnRqyaS3NZhJQnJHLOP8khv/RNy4UMStP2H6EJ8HAodz7uHmnsRI4TAMn4KR0bHxicmp6dLM7Nz8Qnlx6dTpzHKocS21PU+YAykU1FCghHNjgaWJhLPk6qDnn12DdUKrE+waaKSso0RbcIZeapYPY8lURwKNTZrkNwW9HTBT0Nh+OlYb1CW4yAWNN7583tL4mSua5UpYDfugf0k0JBUyxFGz/BC3NM9SUMglc64ehQYbObMouISiFGcODONXrAN1TxVLwTXy/sUFXfNKi7a19U8h7avfEzlLneumiZ9MGV66315P/M+rZ9jebeRCmQxB8cGidiYpatqrj7aEBY6y6wnjVvi/Un7JLOPoSy75EqLfJ/8lp5vVaLu6dbxV2dsf1jFFVsgqWScR2SF75JAckRrh5I48kmfyEtwHT8Fr8DYYHQmGmWXyA8H7B9Hpqpw=</latexit>

hxxx|pppi / eippp·xxx

<latexit sha1_base64="bDa60NkwjHbnm+St5Fu3w33zUlc="></latexit>

hx|pppi / ei p·x
���
p0=Eppp

<latexit sha1_base64="mzxf/0H//pvkImW3jdttYbE4bKE=">AAACJXicbVBNSwMxEM36bf2qevQSLIIXy64U7UGh4MWjglWhW0s2nW2D2eySzErLun/Gi3/FiwdFBE/+FdNaQVsfDLy8N0NmXpBIYdB1P5yp6ZnZufmFxcLS8srqWnF949LEqeZQ57GM9XXADEihoI4CJVwnGlgUSLgKbk8G/tUdaCNidYH9BJoR6ygRCs7QSq3ikS+Z6kigPXpPj+nPy0+iIOvlVoObbE9Qv8swO81bPkIPs1AD5BTzVrHklt0h6CTxRqRERjhrFV/9dszTCBRyyYxpeG6CzYxpFFxCXvBTAwnjt6wDDUsVi8A0s+GVOd2xSpuGsbalkA7V3xMZi4zpR4HtjBh2zbg3EP/zGimG1WYmVJIiKP79UZhKijEdREbbQgNH2beEcS3srpR3mWYcbbAFG4I3fvIkudwvewflynmlVKuO4lggW2Sb7BKPHJIaOSVnpE44eSBP5IW8Oo/Os/PmvH+3TjmjmU3yB87nF1IXpTA=</latexit>

hx| = hxxx|e�iĤfreet∙

∙
<latexit sha1_base64="qA8untRHizjXDnYgHGxjKExEJYs=">AAACDnicbZDLSsNAFIYnXmu9RV26GSyFFkpJpGg3haIblxXsBZpYJtNpO3QyCTMTaQl9Aje+ihsXirh17c63cdJmoa0HBj7+/xzOnN8LGZXKsr6NtfWNza3tzE52d2//4NA8Om7JIBKYNHHAAtHxkCSMctJUVDHSCQVBvsdI2xtfJ377gQhJA36npiFxfTTkdEAxUlrqmfkJrEHnig4Lk3sLOiVYqKliKQEn9L14Mku8Ys/MWWVrXnAV7BRyIK1Gz/xy+gGOfMIVZkjKrm2Fyo2RUBQzMss6kSQhwmM0JF2NHPlEuvH8nBnMa6UPB4HQjys4V39PxMiXcup7utNHaiSXvUT8z+tGalB1Y8rDSBGOF4sGEYMqgEk2sE8FwYpNNSAsqP4rxCMkEFY6wawOwV4+eRVa52X7oly5reTq1TSODDgFZ6AAbHAJ6uAGNEATYPAInsEreDOejBfj3fhYtK4Z6cwJ+FPG5w8vUJkN</latexit>

x =
⇣
x0 (= t), xxx

⌘

Int. Pic. Sch. Pic.

4d position

<latexit sha1_base64="IzASp4gta2te5A/bBaAiMMlnKSI="></latexit>⇣
Eppp =

q
ppp2 +m2

�

⌘



 So, what can we do in the plane-wave formalism?

◦

◦

<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

<latexit sha1_base64="cgSXy9LxwY4rgkG9gSlGGc+3eQs="></latexit>

[(PW) phase space] =
(V )d3ppp1
(2⇡)3

(V )d3ppp2
(2⇡)3

 
<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

“literal normalisation”

well defined 
(The volume is cancelled out.)

ill-defined! 
(since T→∞)

What is calculable?



What is calculable?
 So, what can we do in the plane-wave formalism?

◦
<latexit sha1_base64="HbSjM53jDZ3EsyDqCMc2/s5nR0A="></latexit>

 (t,xxx) =
1p

2EpppV
e�iEpppt+ippp·xxx

<latexit sha1_base64="cgSXy9LxwY4rgkG9gSlGGc+3eQs="></latexit>

[(PW) phase space] =
(V )d3ppp1
(2⇡)3

(V )d3ppp2
(2⇡)3

<latexit sha1_base64="Cf1kuwXYG6jPbO9/bgk8VyHXCoo="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3
⇥ T

<latexit sha1_base64="20+Q8j76o+in5EYZOcoeHQJ40l0="></latexit>

|SPW|2 ⇥ [phase space]

T<latexit sha1_base64="i/y49w/wGm/YsDUz3hVhlu7AB00="></latexit>

= (2⇡)4�4(Pout � Pin)
1

2Ein
|MPW|2 d3ppp1

2E1(2⇡)3
d3ppp2

2E2(2⇡)3

 
<latexit sha1_base64="hUeKchfB5pOnLEkh05u76XTAQYU=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiCUJJS1KXgxmVFa4U0lsn0th06eTBzI5Y0H+Fv+ANu9Q/ciVsXfofTNgtfBwYO59zXnCCRQqPjvFtz8wuLS8ullfLq2vrGpr21fa3jVHFo8ljG6iZgGqSIoIkCJdwkClgYSGgFw7OJ37oDpUUcXeEoAT9k/Uj0BGdopI59OL7stBHuMWu08vFtjbZRhKCpNxOTgZlNdcI45H7HrjhVZwr6l7gFqZACjY792e7GPA0hQi6Z1p7rJOhnTKHgEvJyO9VgRg9ZHzxDI2Y2+9n0UzndN0qX9mJlXoR0qn7vyFio9SgMTGXIcKB/exPxP89LsXfiZyJKUoSIzxb1UkkxppOEaFco4ChHhjCuhLmV8gFTjKPJ8ceWQLEhYF42wbi/Y/hLrmtV96hav6hXTk+KiEpkl+yRA+KSY3JKzkmDNAknD+SJPJMX69F6td6s91npnFX07JAfsD6+APAdp4Y=</latexit>

|SPW|2 ⇥ [phase space]

well defined!

The friquency per time (= Γ: decay rate) 
is well defined and calculatble.

◦



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

(for Pin = 0)



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

[Peskin, Schroeder]



<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘
In the case of ,

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="+nlQIJkqhKRKWYoATGAwE6RhaJk=">AAACIXicbVDLSgNBEJyN7/ha9ehlMArxEnZV1IsQ9OJFiGAekA1hdtJJhsw+mOkVw7I/4G/4A171D7yJN/HudziJOWi0oKGo6qa7y4+l0Og471ZuZnZufmFxKb+8srq2bm9s1nSUKA5VHslINXymQYoQqihQQiNWwAJfQt0fXIz8+i0oLaLwBocxtALWC0VXcIZGatu7gl61Uw/hDtNKPcuKXqUvqIcR9eK+GNU+PWvbBafkjEH/EndCCmSCStv+9DoRTwIIkUumddN1YmylTKHgErK8l2iIGR+wHjQNDVkAupWOv8nonlE6tBspUyHSsfpzImWB1sPAN50Bw76e9kbif14zwe5pKxVhnCCE/HtRN5HUPDuKhnaEAo5yaAjjSphbKe8zxTiaAH9t8RUbAGZ5E4w7HcNfUjsoucelw+ujQvl8EtEi2SY7pEhcckLK5JJUSJVwck8eyRN5th6sF+vVevtuzVmTmS3yC9bHFycJo1Q=</latexit>

iMPW(� ! ��) =
<latexit sha1_base64="tG4c8yDjFBu3dkecxSuJeLlonXA=">AAACB3icbVBLSgNBFOzxG+Mv6tJNYxDcGGZU1I0QdOMygvlAZghvOj1Jk56eprtHCEMO4AXc6g3ciVuP4QU8h51kFiax4EFR9R71qFBypo3rfjtLyyura+uFjeLm1vbObmlvv6GTVBFaJwlPVCsETTkTtG6Y4bQlFYU45LQZDu7GfvOJKs0S8WiGkgYx9ASLGAFjJf8Gn2KG/QFICZ1S2a24E+BF4uWkjHLUOqUfv5uQNKbCEA5atz1XmiADZRjhdFT0U00lkAH0aNtSATHVQTb5eYSPrdLFUaLsCIMn6t+LDGKth3FoN2MwfT3vjcX/vHZqousgY0KmhgoyDYpSjk2CxwXgLlOUGD60BIhi9ldM+qCAGFvTTEqoYEDNqGiL8eZrWCSNs4p3WTl/uChXb/OKCugQHaET5KErVEX3qIbqiCCJXtArenOenXfnw/mcri45+c0BmoHz9Quof5j+</latexit>

= �i ,

<latexit sha1_base64="UC8O7uBi4Kp1YBNA4u9df8fxOtc="></latexit>

�(� ! ��) =
2

32⇡m�

s

1�
4m2

�

m2
�

◦

□
the plane-wave amplitude; 

taking a simple form, 
easily derived via Feynman rules

As we know very well,

p1

p2
P(=p1+p2)

[Peskin, Schroeder]



Gaussian basis
 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):

normalisable! 
(plane-wave limit: σ→∞)

<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

Centre Position 
at a certain time T

(when T=0)

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P

X

√σ

<latexit sha1_base64="z778cbjg6BD1pJjTihznYXk8bHM=">AAACG3icbVDLSgMxFM34rPU16tJNsAgupMyUol0W3LisYB/QKSWTZqahSWZIMmIZ5z/c+CtuXCjiSnDh35hOZ6GtBwKHc87l5h4/ZlRpx/m2VlbX1jc2S1vl7Z3dvX374LCjokRi0sYRi2TPR4owKkhbU81IL5YEcZ+Rrj+5mvndOyIVjcStnsZkwFEoaEAx0kYa2jWPIREyAr2Y++l9Bh+gp2jI0flc6WUFaWXQk3l0aFecqpMDLhO3IBVQoDW0P71RhBNOhMYMKdV3nVgPUiQ1xYxkZS9RJEZ4gkLSN1QgTtQgzW/L4KlRRjCIpHlCw1z9PZEirtSU+ybJkR6rRW8m/uf1Ex00BikVcaKJwPNFQcKgjuCsKDiikmDNpoYgLKn5K8RjJBHWps6yKcFdPHmZdGpV96Jav6lXmo2ijhI4BifgDLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MY+uWMXMEfgD6+sHk92hHA==</latexit>

hxxx|�,XXX,PPP i



Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i

<latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit>

Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
<latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="osVaK95C5nXWpcciLRHJeEln+5I="></latexit>

 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):
<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

 Expansion of Scalar operator 
 (in Int. Pic.):

(when T=0)

Wave function of Gaussian wave packet 
(X is defined @ T) 

Annihilation op. 
for the corresponding wave-packet state

<latexit sha1_base64="fTI3s0UrR4CiknFjusGySNUoZVw="></latexit>

|Pi = Â†(P) |0i ,
h
P = {�, X0(= T ),XXX| {z }

=:X

,PPP}
i

the one-particle state

◦

◦

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)

<latexit sha1_base64="z778cbjg6BD1pJjTihznYXk8bHM=">AAACG3icbVDLSgMxFM34rPU16tJNsAgupMyUol0W3LisYB/QKSWTZqahSWZIMmIZ5z/c+CtuXCjiSnDh35hOZ6GtBwKHc87l5h4/ZlRpx/m2VlbX1jc2S1vl7Z3dvX374LCjokRi0sYRi2TPR4owKkhbU81IL5YEcZ+Rrj+5mvndOyIVjcStnsZkwFEoaEAx0kYa2jWPIREyAr2Y++l9Bh+gp2jI0flc6WUFaWXQk3l0aFecqpMDLhO3IBVQoDW0P71RhBNOhMYMKdV3nVgPUiQ1xYxkZS9RJEZ4gkLSN1QgTtQgzW/L4KlRRjCIpHlCw1z9PZEirtSU+ybJkR6rRW8m/uf1Ex00BikVcaKJwPNFQcKgjuCsKDiikmDNpoYgLKn5K8RjJBHWps6yKcFdPHmZdGpV96Jav6lXmo2ijhI4BifgDLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MY+uWMXMEfgD6+sHk92hHA==</latexit>

hxxx|�,XXX,PPP i normalisable! 
(plane-wave limit: σ→∞)

Centre Position 
at a certain time T

<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P

X

√σ

Gaussian basis



Gaussian wavefunction

Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(t­T)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i

<latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit>

Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
<latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="osVaK95C5nXWpcciLRHJeEln+5I="></latexit>

Wave function of Gaussian wave packet 
(X is defined @ T) 

◦

[Ishikawa, Oda (1809.04285)](skippable) 

details

<latexit sha1_base64="6taYVBL55yhYeZCt4St5TtvtyTs="></latexit>

f�,X,PPP (x) :=

Z
d3pppp
2Eppp

hx|pppihppp|�, X,PPP i
<latexit sha1_base64="vIm+r3etAqSlS5w/C3/O0nwUBeg="></latexit>

=
⇣�
⇡

⌘3/4
Z

d3pppp
2p0(2⇡)3/2

eip·(x�X)��
2 (ppp�PPP )2

�����
p0=Eppp

<latexit sha1_base64="Y8H6gD0CUZB98PxdKtQjadV9Hcw="></latexit>

(⌅⌅⌅(t) :=XXX + VVV (PPP )(t� T ), VVV (PPP ) := PPP/EPPP )

saddle-point approx. for a large σ

Int. Pic.

Gaussian state

Position of Centre of  
the Gaussian peak at the time (t)

~√σ
P

Ξ(t)

on-shell condition
<latexit sha1_base64="CiECkDd5+0tAQnIko+6/FhNW5jI="></latexit>⇣�
⇡

⌘3/4
✓
2⇡

�

◆3/2 1p
2P 0(2⇡)3/2

eiP ·(x�X)� 1
2� (xxx�⌅⌅⌅(t))2

�����
P 0=EPPP



(some details on Gaussian state)
(skippable) 

details

◦ Normalisable:
<latexit sha1_base64="56M0ejmDiZHUayK2gkYRKEoT94Q=">AAACMXicdVDLSgMxFM3UV62vUZdugkVwIWVGirpRCm66rGAf0BlKJs1MQ5PMkGSEMvaX3Pgn4qYLRdz6E6btLLTVA4HDOfdwc0+QMKq040yswsrq2vpGcbO0tb2zu2fvH7RUnEpMmjhmsewESBFGBWlqqhnpJJIgHjDSDoa3U7/9QKSisbjXo4T4HEWChhQjbaSeXfcYEhEjEHqKRhydQS/hQdYZ56Qxho//W56ch6+h27PLTsWZAS4TNydlkKPRs1+8foxTToTGDCnVdZ1E+xmSmmJGxiUvVSRBeIgi0jVUIE6Un80uHsMTo/RhGEvzhIYz9WciQ1ypEQ/MJEd6oBa9qfiX1011eOVnVCSpJgLPF4UpgzqG0/pgn0qCNRsZgrCk5q8QD5BEWJuSS6YEd/HkZdI6r7gXlepdtVy7yesogiNwDE6BCy5BDdRBAzQBBk/gFbyBd+vZmlgf1ud8tGDlmUPwC9bXN473qJQ=</latexit>

h�,XXX,PPP |�,XXX,PPP i = 1

◦ Coherent:
<latexit sha1_base64="G+b8qWMw0UD+Z1RGIwsBleT95W4="></latexit>

�x2
i =

�

2
, �p2i =

1

2�
(i = x, y, z)

◦ Non-orthogonal:
<latexit sha1_base64="TdeOlYEiifm917cbROGRXLjUPmk="></latexit>

h�,XXX,PPP |�0,XXX 0,PPP 0i =
✓
�I

�A

◆3/4

e�
1

4�A
(XXX�XXX0)2��I

4 (PPP�PPP 0)2+ 1
2�I

(�PPP+�0PPP 0)·(XXX�XXX0)

<latexit sha1_base64="i4CGJDVEYu0Tx2+0i6X9EGCmZLk="></latexit>✓
�A :=

� + �0

2
, ��1

I :=
��1 + �0�1

2

◆

◦ Over-complete:
<latexit sha1_base64="assrRx0+kzlmGh5AXy/jEmM/jM0="></latexit>Z

d3XXXd3PPP

(2⇡)3
|�,XXX,PPP ih�,XXX,PPP | = 1̂

◦ Algebra of Creation/Annihilation operators:
<latexit sha1_base64="cELMT8oHRwi3I+PW/v9226P18wY="></latexit>h
Â(�, T,XXX,PPP ), Â†(�0, T,XXX 0,PPP 0)

i
= h�, T,XXX,PPP |�0, T,XXX 0,PPP 0i∙

∙ (others) = 0



S-matrix in Gaussian basis
 S-matrix (1→2) def.:

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

in 
free state

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

“additional” 
information

Normalisability of Gaussian 
can makes S itself finite! 



 S-matrix (1→2) def.:
<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin

<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout ~√σ1 ~√σ2

~√σ0X0(@t=T0)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P1 P2

P0

all possible configurations 
(up to an order)

Normalisability of Gaussian 
can makes S itself finite! 

(Tout-Tin being 

finite in general)

in 
free state

X1(@t=T1) X2(@t=T2)

◦ First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

◦ Claims on various phenomena 
by Ishikawa-san et. al.

e.g. [Ishikawa, Jinnouchi, Kubota, 
  Sloan, Tatsuishi (1901.03019)]

Experiment by the same group → (1907.01264)

[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state

<latexit sha1_base64="QvZ8llYvZ1amfASTqR22vzSoT60="></latexit>

(22Na ! 22Ne⇤e+⌫, e+(e�) ! 2�)

S-matrix in Gaussian basis



Short Summary

in 
free state

out 
free state<latexit sha1_base64="ttx+XgBAqkBJlCV/gVrVRo+Qlxg="></latexit>

SPW = hppp1, ppp2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|PPP 0i

<latexit sha1_base64="fky7IDnO0/MB4yDxzP+6fdfdiuQ="></latexit>

= (2⇡)4�4(Pout � Pin)⇥ (iMPW)

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

in 
free state

out 
free state

 plane-wave S-matrix:

 Gaussian S-matrix:

For the same focused physical 1→2 process,

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

more 
informative

suitable limits/ 
marginalisations

not equal ( )
“additional” 
information

(note: we can similarly construct those for m→n processes.)



Short Summary

 plane-wave S-matrix:

 Gaussian S-matrix:

◦ with partial information

◦ not suitably normalised

◦ with full information

◦ normalised appropriately

<latexit sha1_base64="I6BjYodkBEACxeHiybMq8WCUbsE=">AAACDHicbVDLTsJAFL3FF+KDqks3E4mJK9ISoi6JblxiFDCBSqbDFCZMH5mZmpDSX/AH3OofuDNu/Qd/wO9wCl0IeJKbnJxzb+7JcSPOpLKsb6Owtr6xuVXcLu3s7u2XzYPDtgxjQWiLhDwUDy6WlLOAthRTnD5EgmLf5bTjjq8zv/NEhWRhcK8mEXV8PAyYxwhWWuqb5WnPx2pEME/u0uljrW9WrKo1A1oldk4qkKPZN396g5DEPg0U4VjKrm1FykmwUIxwmpZ6saQRJmM8pF1NA+xT6SSz4Ck61coAeaHQEyg0U/9eJNiXcuK7ejNLKZe9TPzP68bKu3QSFkSxogGZP/JijlSIshbQgAlKFJ9ogolgOisiIywwUbqrhS+uwGOq0pIuxl6uYZW0a1X7vFq/rVcaV3lFRTiGEzgDGy6gATfQhBYQiOEFXuHNeDbejQ/jc75aMPKbI1iA8fULi9mbuw==</latexit>

|S|2 itself is well defined.

is ill defined.
<latexit sha1_base64="RqKjRRgKSQextwOHT//WQ6+E/xQ=">AAACDHicbVBLTgJBFOzBH+KHUZduJhITV2SGEHVJdOMSo3wSGElP84AOPZ90vzGSgSt4Abd6A3fGrXfwAp7DBmYhYCUvqVS9l3opLxJcoW1/G5m19Y3Nrex2bmd3bz9vHhzWVRhLBjUWilA2PapA8ABqyFFAM5JAfU9AwxteT/3GI0jFw+AeRxG4Pu0HvMcZRS11zPz4rtNGeMKk2piMH0ods2AX7RmsVeKkpEBSVDvmT7sbstiHAJmgSrUcO0I3oRI5EzDJtWMFEWVD2oeWpgH1QbnJ7PGJdaqVrtULpZ4ArZn69yKhvlIj39ObPsWBWvam4n9eK8bepZvwIIoRAjYP6sXCwtCatmB1uQSGYqQJZZLrXy02oJIy1F0tpHiSDgEnOV2Ms1zDKqmXis55sXxbLlSu0oqy5JickDPikAtSITekSmqEkZi8kFfyZjwb78aH8TlfzRjpzRFZgPH1C3NCm6w=</latexit>

|SPW|2

<latexit sha1_base64="3YE4pUFvzIFkczW6B81xabCZN6g="></latexit>

dP = |S|2 d
3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

<latexit sha1_base64="1UQ45Hw5sGxVBtzEhMv3Ic69axU="></latexit>

d� =
|SPW|2

T

(V )d3ppp1
(2⇡)3

(V )d3ppp2
(2⇡)3

(dimensionful, 
 relative frequency)

(dimensionless, 
 absolute frequency)

External states are characterised 
by momenta.

External states are characterised 
by momenta and positions of centres.

For the same focused physical 1→2 process,
(note: we can similarly construct those for m→n processes.)



第三部: 
波束計算の詳細と、 

クォーコニウム崩壊を通しての 
波束効果の実験的検証

(プロ向け、~15分)



Two contributions in P
 Gaussian波束形式での、崩壊確率の計算:

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

<latexit sha1_base64="fkZXuKZooORNXIrOHwTLpEDfOmA=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtplm62YTdiVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8PxFco+N8W6WV1bX1jfJmZWt7Z3evun/Q1nGqKGvRWMSq4xPNBJeshRwF6ySKkcgX7NEf3eb+4xNTmsfyAccJ8yIylDzglGAu9ZKQ96s1p+5MYS8TtyA1KNDsV396g5imEZNIBdG66zoJehlRyKlgk0ov1SwhdESGrGuoJBHTXja9dWKfGGVgB7EyJdGeqn8nMhJpPY580xkRDPWil4v/ed0Ug2sv4zJJkUk6WxSkwsbYzh+3B1wximJsCKGKm1ttGhJFKJp45rb4iowYTiomGHcxhmXSPqu7l/Xz+4ta46aIqAxHcAyn4MIVNOAOmtACCiG8wCu8Wc/Wu/Vhfc5aS1YxcwhzsL5+AUQRlq8=</latexit>

�

p1

p2
P

free stable

state

free stable

state

free stable

state

<latexit sha1_base64="iclG7EpuceMgMGAW1snQSyAErOA="></latexit>

P =

Z
|S|2 d

3XXX1d3ppp1
(2⇡)3

d3XXX2d3ppp2
(2⇡)3

典型的な時間幅 (Tout - Tin),  
‘フェルミの⻩⾦律’

典型的な時間幅 (Tout - Tin) 
に依存しない

<latexit sha1_base64="3szpq40xIxSBHsFY3A/hQdN9W9U="></latexit>

' �(Tout � Tin) +�P

幅の⼤きな波束 

(平⾯波に相応に近い)

[崩壊幅(Γ)] 
× [時間間隔] 

⇒ 平均崩壊確率

“平均崩壊確率” 
からのズレ

[Ishikawa, Oda (1809.04285)]

<latexit sha1_base64="bBg8/SLObsYh1RCQ9OWBO4Ef9S4=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomIdllw47JCX5CGMpnetEMnkzBzI5bQvT/gVv/Anbj1N/wBv8Npm4VtPXDhcM693HtPkAiu0XG+rcLG5tb2TnG3tLd/cHhUPj5p6zhVDFosFrHqBlSD4BJayFFAN1FAo0BAJxjfzfzOIyjNY9nESQJ+RIeSh5xRNJLX7PcQnjDjctovV5yqM4e9TtycVEiORr/80xvELI1AIhNUa891EvQzqpAzAdNSL9WQUDamQ/AMlTQC7Wfzk6f2hVEGdhgrUxLtufp3IqOR1pMoMJ0RxZFe9Wbif56XYljzzT9JiiDZYlGYChtje/a/PeAKGIqJIZQpbm612YgqytCktLQlUHQMOC2ZYNzVGNZJ+6rq3lSvH64r9VoeUZGckXNySVxyS+rknjRIizASkxfySt6sZ+vd+rA+F60FK585JUuwvn4BKe2Z8g==</latexit>

Tin
<latexit sha1_base64="k1+11Gm9X16a3xraVBb8zZUC5WM=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomIdllw47JCX9CEMpnetEMnkzBzI5bQD/AH3OofuBO3foY/4Hc4bbOwrQcuHM65l3M5QSK4Rsf5tgobm1vbO8Xd0t7+weFR+fikreNUMWixWMSqG1ANgktoIUcB3UQBjQIBnWB8N/M7j6A0j2UTJwn4ER1KHnJG0Uhes+8hPGEWpzjtlytO1ZnDXiduTiokR6Nf/vEGMUsjkMgE1brnOgn6GVXImYBpyUs1JJSN6RB6hkoagfaz+c9T+8IoAzuMlRmJ9lz9e5HRSOtJFJjNiOJIr3oz8T+vl2JY8zMukxRBskVQmAobY3tWgD3gChiKiSGUKW5+tdmIKsrQ1LSUEig6BpyWTDHuag3rpH1VdW+q1w/XlXotr6hIzsg5uSQuuSV1ck8apEUYScgLeSVv1rP1bn1Yn4vVgpXfnJIlWF+/IVqafQ==</latexit>

Tout
time

無次元量 無次元量



 When 
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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2.4 Gaussian S-matrix

Now we compute the probability amplitude under the assumption (28):

S = hout;�3,⇧3;�4;⇧4 | in;�1,⇧1;�2,⇧2i

= h�3,⇧3;�4,⇧4| e
iĤfreeToute�iĤTouteiĤTine�iĤfreeTin |�1,⇧1;�2,⇧2i

= h�3,⇧3;�4,⇧4|Texp

✓
�i

Z
Tout

Tin

dt ĤI

int(t)

◆
|�1,⇧1;�2,⇧2i

=: h�3,⇧3;�4,⇧4| Ŝ |�1,⇧1;�2,⇧2i , (36)

where ĤI

int
(t) = eiĤfreet

⇣
Ĥ � Ĥfree

⌘
e�iĤfreet is the interaction Hamiltonian in the interaction

picture. In the plane-wave S-matrix, one subtracts the first term in the Dyson series (36),
write Ŝ = 1̂ + iT̂ , and concentrate on the transition amplitude from T̂ . In the Gaussian
formalism, we do not need such regularization of dropping the first term 1̂ because the inner
product of the free states would remain finite even for identical momenta.3 When we integrate
over the final state momenta P 3 and P 4, the contribution from 1̂ would automatically drop
out even if we take the plane-wave limit after all the computations. Hereafter, we omit the
trivial term h�3,⇧3;�4,⇧4 |�1,⇧1;�2,⇧2i from S when we call it “transition amplitude”.

In this paper, we consider the following simplest interaction Hamiltonian:

ĤI

int(t) =


2

Z
d3x �̂2(x) �̂(x) , (37)

where �̂ and �̂ are given in Eq. (1). The tree-level transition amplitude is given by

S =
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ h0|Tx,x0 Â�3(⇧3) Â�4(⇧4) �̂(x) �̂(x) �̂(x) �̂
�
x0
�
�̂
�
x0
�
�̂
�
x0
�
Â†

�1
(⇧1) Â

†
�2
(⇧2) |0i , (38)

where Tx,x0 is the time ordering with respect to x and x0 only. Hereafter, we concentrate on
the s-channel process because it is dominant in the near on-shell process of our interest.

For example, a part of the s-channel process is

S �
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ h0|Tx,x0Â�3(⇧3) Â�4(⇧4) �̂(x) �̂(x) �̂(x) �̂
�
x0
�
�̂
�
x0
�
�̂
�
x0
�
Â†

�1
(⇧1) Â

†
�2
(⇧2) |0i . (39)

The Wick contraction with the external line gives, for example,

Â�3(⇧3) �̂(x) =

Z
d6⇧f⇤

�;⇧(x)
h
Â�3(⇧3) , Â

†
�(⇧)

i

=

Z
d6⇧

Z
d3pp
2E�(p)

h�;⇧ |�,pi h�,p |�, xi h�3;⇧3 |�,�;⇧i

=

Z
d3pp
2E�(p)

h�3;⇧3 |�,pi h�,p |�, xi

= f⇤
�3;⇧3

(x) , (40)

3 Recall Eq. (23) for an explicit formula for particular equal-time packets.
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for a final state
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�iĤt

|Qmi;⇧1,⇧2i
U>V
��

⇡ |⇧1,⇧2i
Ua"V
��

(t ! TQmi),

`2bT2+iBp2HvX

d

r?2`2

⌅(t) := X + V  (P ) (t� T ) URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 i?2 r�p2 T�+F2i �i iBK2 t- BM r?B+? V  (P ) := P /E (P )c b22
�TT2M/Bt "X8 qBi?BM i?Bb H2�/BM; Q`/2` �TT`QtBK�iBQM- i?2 rB/i? Q7 i?2 r�p2 T�+F `2K�BMb
+QMbi�Mi BM iBK2X

kXj 6`22 :�mbbB�M r�p2@T�+F2i bi�i2b
LQr r2 +�M 2tTHB+BiHv T`2T�`2 i?2 7`22 r�p2@T�+F2i bi�i2b- 2KTHQv2/ BM i?2 `B;?i@?�M/ bB/2b
Q7 1[bX UNV �M/ URyV-

Z
/3p0 gBM(p0) |p0i

Ua"V
� ,

Z
/3p1

Z
/3p2 gQmi(p1,p2) |p1,p2i

Ua"V
��

, UkyV

`2bT2+iBp2Hv- �b 7QHHQrb,e

|⇧iUa"V
� = Â†
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Â†

�
(⇧1) Â
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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Â†

�
(⇧1) Â
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Ĥ

UAV(t)- i?2 BMi2`�+iBQM >�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X UPi?2`rBb2 i?2 irQ@T�`iB+H2 bi�i2 rQmH/ ?�p2
irQ `272`2M+2 iBK2b T1 �M/ T2 K2�MBM;H2bbHvXV

d A7 r2 K�v i�F2 T0 = TBM �M/ T1 = T2 = TQmi- r2 rQmH/ Q#i�BM

e
�iĤt
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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•First defined in momentum space 

•Position-space wave function as its Fourier transform
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(I)
int (t)|P0i

free out-state free in-state

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 
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(⇧i := {Xi,PPP i})

[Details of Gaussian (on-shell) wave functions]

saddle-point approx. for a large σ

Wick’s theorem 
for A and A† (@LO)

<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>
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⌘ [Ishikawa, Oda (1809.04285)]
S-matrix of the simplest 1➔2: Φ ➔ ϕϕ

[Reminder]

 When 

(skippable) 

details
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�(⇧) |0i , |⇧1,⇧2iUa"V
��

=
1p
2
Â†
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�iĤt

|Qmi;⇧1,⇧2i
U>V
��

⇡ |⇧1,⇧2i
Ua"V
��

(t ! TQmi),

`2bT2+iBp2HvX

d

BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

, for finite Tin & Tout, S becomes
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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h⇧1,⇧2| Û(TQmi, TBM) |⇧0iUa"V
� . Uk9V

�i i?2 }`bi Q`/2` BM i?2 .vbQM b2`B2b URjV-
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3 LQi2 ?Qr2p2` i?2 Bbbm2 BM 7QQiMQi2 jX
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2i+X

lbBM; 1[X UkkV- r2 ;2i

S ⇡ Ua"V
��
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BMbB;?iX � b+?2K�iB+ };m`2 7Q` i?Bb b2+iBQM Bb T`2b2Mi2/ BM 6B;X RX
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�i TBM �M/ TQmic b22 �HbQ 7QQiMQi2 jX
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S = hP1,P2|Te�i
R Tout
Tin

dt Ĥ(I)
int(t) |P0i

<latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="YRDiVd4VS9PvoGUM2jT/XEUi1Ak="></latexit>

<latexit sha1_base64="ibTQDJY3w5WikFpwhrym8kc0uTA=">AAAB/HicbVDLSgNBEJz1GeMr6tHLYBC8GHZV1GPQi8cEzAOSJcxOepMhs7PLTK8QQvwBr/oH3sSr/+IP+B1Okj2YxIKGoqqb7q4gkcKg6347K6tr6xubua389s7u3n7h4LBu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHA/8RtPoI2I1SMOE/Aj1lMiFJyhlarnnULRLblT0GXiZaRIMlQ6hZ92N+ZpBAq5ZMa0PDdBf8Q0Ci5hnG+nBhLGB6wHLUsVi8D4o+mhY3pqlS4NY21LIZ2qfydGLDJmGAW2M2LYN4veRPzPa6UY3vojoZIUQfHZojCVFGM6+Zp2hQaOcmgJ41rYWynvM8042mzmtgSaDQDHeRuMtxjDMqlflLzr0mX1qli+yyLKkWNyQs6IR25ImTyQCqkRToC8kFfy5jw7786H8zlrXXGymSMyB+frF4galSE=</latexit>�

<latexit sha1_base64="jt/WzYqbdqKUblkbwt2nsKyHwUs="></latexit>

(⇧i := {Xi,PPP i})

<latexit sha1_base64="zVrRN3q/Jk4POUiGkGx5TOhiuzk=">AAACGnicbVDLSgMxFM3UV62vqksRgkWoIGVGRQU3RTcuK9gHdErJpHfa0GRmTDJiGWblb/gDbvUP3IlbN/6A32H6WNjqgQsn59zLzT1exJnStv1lZebmFxaXssu5ldW19Y385lZNhbGkUKUhD2XDIwo4C6CqmebQiCQQ4XGoe/2roV+/B6lYGNzqQQQtQboB8xkl2kjt/K7fTtyKYoeuYl1BLtwKS4sPB9g8Bdy18wW7ZI+A/xJnQgpogko7/+12QhoLCDTlRKmmY0e6lRCpGeWQ5txYQURon3ShaWhABKhWMjojxftG6WA/lKYCjUfq74mECKUGwjOdguiemvWG4n9eM9b+eSthQRRrCOh4kR9zrEM8zAR3mASq+cAQQiUzf8W0RySh2iQ3tcWTpA86zZlgnNkY/pLaUck5LR3fnBTKl5OIsmgH7aEictAZKqNrVEFVRNEjekYv6NV6st6sd+tj3JqxJjPbaArW5w859qDP</latexit>

f ,�;⇧(x) '
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�iĤt

|Qmi;⇧1,⇧2i
U>V
��

⇡ |⇧1,⇧2i
Ua"V
��

(t ! TQmi),

`2bT2+iBp2HvX

d

r?2`2

⌅(t) := X + V  (P ) (t� T ) URNV

Bb i?2 HQ+�iBQM Q7 i?2 +2Mi2` Q7 i?2 r�p2 T�+F2i �i iBK2 t- BM r?B+? V  (P ) := P /E (P )c b22
�TT2M/Bt "X8 qBi?BM i?Bb H2�/BM; Q`/2` �TT`QtBK�iBQM- i?2 rB/i? Q7 i?2 r�p2 T�+F `2K�BMb
+QMbi�Mi BM iBK2X

kXj 6`22 :�mbbB�M r�p2@T�+F2i bi�i2b
LQr r2 +�M 2tTHB+BiHv T`2T�`2 i?2 7`22 r�p2@T�+F2i bi�i2b- 2KTHQv2/ BM i?2 `B;?i@?�M/ bB/2b
Q7 1[bX UNV �M/ URyV-

Z
/3p0 gBM(p0) |p0i

Ua"V
� ,

Z
/3p1

Z
/3p2 gQmi(p1,p2) |p1,p2i

Ua"V
��

, UkyV

`2bT2+iBp2Hv- �b 7QHHQrb,e

|⇧iUa"V
� = Â†
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†
�
(⇧2) |0i . UkRV

�b b�B/ �#Qp2- |�1,⇧1;�2,⇧2i Bb �##`2pB�i2/ iQ |⇧1,⇧2i i?`Qm;?Qmi i?2 K�BM i2tiX

kX9 :�mbbB�M S@K�i`Bt
amTTQb2 i?�i i?2 BMi2`�+iBQM URV Bb M2;HB;B#H2 �i bQK2 BMBiB�H �M/ }M�H iBK2b TBM �M/ TQmiX
h?2M r2 K�v /2}M2 i?2 +Q``2bTQM/BM; BM �M/ Qmi bi�i2b- 7QHHQrBM; 1[bX UNV �M/ URyV- #vd
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iĤ7`22TA |⇧Ai
Ua"V
 X LQi2 �HbQ

i?�i r2 ?�p2 r`Bii2M i?2 bi�i2b BM 1[X UkRV �b i?2 iBK2@BM/2T2M/2Mi a+?`ƺ/BM;2` #�bBb bi�i2b- `�i?2` i?�M i?2
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`2bT2+iBp2HvX
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BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
BMi(t) = eiĤ7`22tĤBMie�iĤ7`22t Bb i?2 BMi2`�+iBQM

>�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X
�b Bb r2HH FMQrM- i?2 2tT`2bbBQM URkV Bb #�/Hv /Bp2`;2Mi r?2M b[m�`2/- #2BM; T`QTQ`iBQM�H

iQ i?2 KQK2MimK@bT�+2 /2Hi� 7mM+iBQM �4(0)X �HbQ- QM2 M22/b iQ BMb2`i �M BM}MBi2bBK�H BK�;@
BM�`v T�`i 7Q` i?2 BMi2`�+iBQM >�KBHiQMB�M #v ?�M/ BM Q`/2` iQ K�F2 i?2 T2`im`#�iBQM URjV
+QMp2`;2MiX h?Bb Bb #2+�mb2 i?2 Qp2`H�T #2ir22M TH�M2 r�p2b +�M M2p2` #2 bmTT`2bb2/ MQ
K�ii2` ?Qr `2KQi2 T�bi �M/ 7mim`2 QM2 KQp2b QM- r?B+? Bb i?2 `2�bQM r?v QM2 M22/b r�p2
T�+F2ib UNV �M/ URyV 7Q` +QKTH2i2 i`2�iK2Mi Q7 i?2 S@K�i`BtX h?2 +Hmbi2` /2+QKTQbBiBQM M2p2`
Q++m`b 7Q` i?2 BM}MBi2Hv bT`2�/ TH�M2 r�p2b- r?BH2 Bi /Q2b 7Q` T`QT2`Hv /2}M2/ r�p2 T�+F2ibX

kXk :�mbbB�M #�bBb
LQr r2 brBi+? 7`QK i?2 TH�M2@r�p2 #�bBb iQ i?2 :�mbbB�M #�bBbX .2i�BH2/ MQi�iBQMb 7Q` i?Bb
bm#b2+iBQM +�M #2 7QmM/ BM �TT2M/Bt �X

AMbi2�/ Q7 i?2 TH�M2@r�p2 2tT�MbBQM UkV- QM2 K�v �HbQ 2tT�M/ i?2 7`22 }2H/ BM i2`Kb Q7
i?2 �MMB?BH�iBQM �M/ +`2�iBQM QT2`�iQ`b Q7 i?2 7`22 :�mbbB�M r�p2,
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†
 ,�(⇧)

i
. UReV

h?2 2tTHB+Bi 7Q`K Q7 i?2 +Q2{+B2Mi 7mM+iBQM f ,�;⇧ U= f ,�;X,P V Bb Q#i�BM2/ �b9

f ,�;⇧(x) =

Z /3pp
2E (p)

UA"V
 hx |pi

Ua"V
 

Ua"V
 hp |⇧iUA"V

 

=
⇣�
⇡

⌘3/4
Z /3p

p
2p0 (2⇡)3/2

eip·(x�X)��

2 (p�P )2

�����
p0=E (p)

. URdV

h?`Qm;?Qmi i?2 K�BM i2ti- r2 �##`2pB�i2 2X;X |�;⇧i iQ |⇧i- BM r?B+? Bi Bb mM/2`biQQ/ i?�i �
+�M #2 /Bz2`2Mi 7`QK 2�+? Qi?2` �KQM; i?2 BM@ �M/ Qmi@bi�i2 T�`iB+H2bX

AM i?2 H�`;2@� 2tT�MbBQM- i?2 H2�/BM; b�//H2 TQBMi �TT`QtBK�iBQM ;Bp2b

f ,�;⇧(x) !
⇣�
⇡

⌘3/4
✓
2⇡

�

◆3/2 1p
2P 0 (2⇡)3/2

eiP ·(x�X)� (x�⌅(t))2

2�

�����
P 0=E (P )

, UR3V

9 LQi2 i?�i i?2 irQ ǳBMi2`�+iBQM #�bBbǴ bi�i2b �`2 i?2 QM2b �i /Bz2`2Mi iBK2b,

|xi
UA"V
 = e
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e�iĤt |BM;⇧0iU>V
� ⇡ e�iĤ7`22t |⇧0iUa"V

� (t ! TBM),
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�(⇧) |0i , |⇧1,⇧2iUa"V
��

=
1p
2
Â†
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e�iĤt |Qmi;⇧1,⇧2iU>V
��
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f ,�;⇧(x) Â ,�(⇧) + f⇤

 ,�;⇧(x) Â
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

<latexit sha1_base64="2W4yEmYNO4oHZdgMwNVHZpdCaCk="></latexit>
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Uniform linear motion 
of the centre (= Peak!)

free out-state free in-state

Wick’s theorem 
for A and A† (@LO)
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⌘ [Ishikawa, Oda (1809.04285)]
S-matrix of the simplest 1➔2: Φ ➔ ϕϕ

[Reminder]

 When 

(skippable) 

details



 When , for finite Tin & Tout, S becomes
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Te­i∫dt H = 1 ­i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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h⇧1,⇧2| Û(TQmi, TBM) |⇧0iUa"V
� . Uk9V

�i i?2 }`bi Q`/2` BM i?2 .vbQM b2`B2b URjV-
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⌘ [Ishikawa, Oda (1809.04285)]
S-matrix of the simplest 1➔2: Φ ➔ ϕϕ

“(classical) trajectories” 
⇒ charactering the S-matrix

a secondary 

variable

(skippable) 

details



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.

jXk aT�+2iBK2 BMi2;`�H Qp2` TQbBiBQM Q7 BMi2`�+iBQM TQBMi
PM2 +�M 2t�+iHv T2`7Q`K i?2 :�mbbB�M BMi2;`�Hb Qp2` i?2 BMi2`�+iBQM TQBMi x = (t,x) BM
1[X UkdV iQ ;2i

S =
ip
2

 
Y

A

(⇡�A)
�3/4 1p

2EA

!
e�

�t

2 (�!)2��s

2 (�P )2�R
2 (2⇡�s)

3/2p2⇡�tG(T) , U83V

r?2`2 r2 ?�p2 /2}M2/ i?2 rBM/Qr 7mM+iBQM,

G(T) :=

Z
TQmi

TBM

/tp
2⇡�t

e
� 1

2�t
(t�T�i�t�!)

2

=
1

2


erf

✓
T� TBM + i�t�!p

2�t

◆
� erf

✓
T� TQmi + i�t�!p

2�t

◆�
, U8NV

BM r?B+?

erf(z) :=
2p
⇡

Z
z

0
e�x

2/x UeyV

Bb i?2 :�mbb 2``Q` 7mM+iBQMX AM i?2 bK�HH �M/ H�`;2 |z| HBKBib- Bib U�bvKTiQiB+V 2tT�MbBQM `2�/b-
`2bT2+iBp2Hv-

erf(z) =
2zp
⇡
+O

�
z3
�
, UeRV

erf(z) = sgn(z) + e�z
2

✓
� 1p

⇡z
+O

�
z�3
�◆

, UekV

r?2`2 r2 ?�p2 /2}M2/ � bB;M 7mM+iBQM 7Q` � +QKTH2t p�`B�#H2,

sgn(z) :=

8
><

>:

1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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an exact form

overlaps of the wave packets 
(including approximated 

Energy-Momentum conservation)

normalisation factors 
of Gaussians

Result of S(Φ ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• Feature

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt

1  :

∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

Geometrical variables 
characterise S.

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

Result of S(Φ ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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r?2`2 r2 ?�p2 /2}M2/ � bB;M 7mM+iBQM 7Q` � +QKTH2t p�`B�#H2,

sgn(z) :=

8
><

>:

1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• Feature 2  :
The limit (σs→∞ and σt→∞) ⇒ 

Recovery of the energy-momentum 
conservation

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

• Feature Geometrical variables 
characterise S.

1  :
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<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

Result of S(Φ ➔ ϕϕ)



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
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• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Feature 3  : Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).
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Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>
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<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>
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<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>
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<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>
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<latexit sha1_base64="F0pP5Q2lzabIVplNiIOWV89h79o="></latexit>
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<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Significant Feature: Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

Bulk & Boundary terms



Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

<latexit sha1_base64="QCg18z+tXbFsvFN99dAqOiAKckE=">AAACE3icbVBLSgNBFOyJvxh/UcGNm8YgxE2YUVGXQRe6jJAfJEPo6bxJmnTPjN09QhhzDC/gVm/gTtx6AC/gOewkszCJBQ+Kqvd4RXkRZ0rb9reVWVpeWV3Lruc2Nre2d/K7e3UVxpJCjYY8lE2PKOAsgJpmmkMzkkCEx6HhDW7GfuMRpGJhUNXDCFxBegHzGSXaSJ38wW2xLYju+5IMkuroBLcVE/DQyRfskj0BXiROSgooRaWT/2l3QxoLCDTlRKmWY0faTYjUjHIY5dqxgojQAelBy9CACFBuMsk/wsdG6WI/lGYCjSfq34uECKWGwjOb46xq3huL/3mtWPtXbsKCKNYQ0OkjP+ZYh3hcBu4yCVTzoSGESmayYtonklBtKpv54pl+QI9yphhnvoZFUj8tORels/vzQvk6rSiLDtERKiIHXaIyukMVVEMUPaEX9IrerGfr3fqwPqerGSu92UczsL5+ARsHniA=</latexit>

G(T) '
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“(in) boundary” 

⇒ no counterpart in PW

“(out) boundary” 

⇒ no counterpart in PW
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(= 0, 1, 2)Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Significant Feature: Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).

[in the causality point of view]

Bulk & Boundary terms
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 In “1→2”,

• Bulk part is “time-universal”. As expected, we can show

[Marginalised rate 
 per (Volume) & (Time), 
 from Sbulk @ P0→0]
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G(T) �

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

(the decay width from Splane-wave)
(σs→∞ and σt→∞: “plane-wave limit”)

“bulk”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="56CYwpdC9jf6n2yJySyd3T3ty9w="></latexit>

�(plane-wave)
�!��

Result of S(Φ ➔ ϕϕ)



 In “1→2”,

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>

G(T) �

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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, UekV

r?2`2 r2 ?�p2 /2}M2/ � bB;M 7mM+iBQM 7Q` � +QKTH2t p�`B�#H2,

sgn(z) :=

8
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1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement].

<latexit sha1_base64="xzlTj8EBtQ4NNXkpqi9YKUxjDkM="></latexit>
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p
2⇡�t [�! � i(T� Tin)/�t] <latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

Result of S(Φ ➔ ϕϕ)



 In “1→2”,

Result

• δω 〜 Eout­Ein and δP = 
Pout­Pin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement]. 

• Suppression via distances between time domains is relaxed e.g., in

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>
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More on Window function

3.2 Spacetime integral over position of interaction point

One can exactly perform the Gaussian integrals over the interaction point x = (t,x) in
Eq. (27) to get
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where we have defined the window function:
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in which

erf(z) :=
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is the Gauss error function. In the small and large |z| limits, its (asymptotic) expansion reads,
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erf(z) =
2zp
⇡
+O

�
z3
�
, (61)

erf(z) = sgn(z) + e�z
2

✓
� 1p

⇡z
+O

�
z�3
�◆

, (62)

where we have defined a sign function for a complex variable:

sgn(z) :=

8
><

>:

1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(63)

From Eq. (58), we see that the S-matrix is exponentially suppressed unless the momentum
is nearly conserved, �P ⇠ 0. This is also the case for the energy conservation �! ⇠ 0 except in
the boundary regions, at which the translational invariance is explicitly broken; see Sec. 3.4
below. As said above, the overlap exponent R gives another suppression when the wave
packets do not overlap.

3.3 Separation of bulk and boundary e↵ects

It is convenient to separate the window function (59) into the bulk part and the in- and
out-boundary ones:

G(T) = Gbulk(T) +Gin-bdry(T) +Gout-bdry(T) , (64)
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is the step function.14

We note that Gbdry(z) is discontinuous at <z = 0 but the combination
���ez2Gbdry(z)
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is

continuous and finite everywhere on the complex z plane (except at the origin z = 0); see
Fig. 2. Especially in the limit |z| ! 1, we obtain15
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14As we see in Eq. (70), this step function appears only at T = Tin/out and hence does not contribute when
summed with Gbdry and integrated over T. That is, it appears only at <z = 0 and does not contribute when
integrated over <z in Fig. 2. This might be non-vanishing for a more realistic non-Gaussian wave packet.

15 In terms of the relevant combination, we get
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Figure 2: Normalized boundary function
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where
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is the Dawson function, whose (asymptotic) expansions read
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In Fig. 3, we plot Gbdry right at either boundary T = Tin/out.

3.4 Limit of large argument

In the limit
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�t

,
|T� Tout + i�t�!|p

�t
� 1, (79)

16We have assumed T� Tin/out + i�t�! 6= 0 in writing sgn2 = 1.

15

(skippable) 

details

<latexit sha1_base64="2XCd988/h0Cl9ARjMSYUqPthJTI="></latexit>

Gbdry(z)

✓
z :=

T� Tin + i�t�!p
2�t

◆

[Ishikawa, Oda (1809.04285)]

<latexit sha1_base64="pjxKpTXUlRE/h18+goLYvGv2XWI=">AAACH3icbVDLSgNBEJyNrxhfqx69DAbBi2FXgnoMevEYIVEhuyyzk95kyOyDmV4xLHv3N/wBr/oH3sSrP+B3OIk5aLSgoajuprsqzKTQ6DgfVmVhcWl5pbpaW1vf2Nyyt3eudZorDl2eylTdhkyDFAl0UaCE20wBi0MJN+HoYtK/uQOlRZp0cJyBH7NBIiLBGRopsPe9TKUZptSLGQ4jxUZFp6RHtBN4CPdYiKQM7LrTcKagf4k7I3UyQzuwP71+yvMYEuSSad1znQz9gikUXEJZ83INGeMjNoCeoQmLQfvF1EtJD4zSp1GqTCVIp+rPjYLFWo/j0ExOPtbzvYn4X6+XY3TmGz9ZjpDw70NRLqnxPgmG9oUCjnJsCONKmF8pHzLFOJr4fl0JTUqAZc0E487H8JdcHzfck0bzqllvnc8iqpI9sk8OiUtOSYtckjbpEk4eyBN5Ji/Wo/VqvVnv36MVa7azS37B+vgCU5ajlg==</latexit>

/ T� Tin

◦

◦

<latexit sha1_base64="xNY9eMEfLTqGAom7jtuqDLC9ZMY="></latexit>

erf(z) ⇠|{z}
|z|�1

sgn(z) + e�z2

✓
� 1p

⇡z

◆

(We utilised this approximation in the main part.)

<latexit sha1_base64="RqnS3rl7X8dLV4QgNxtALpb/2RM=">AAACGnicbVDJSgNBEO2JW4zbqEcRGoMQD4YZCeoxKILHCGaBJISeTiVp0rPQXSOGMCd/wx/wqn/gTbx68Qf8DjuLYKIPGl69V0V1PS+SQqPjfFqphcWl5ZX0amZtfWNzy97eqegwVhzKPJShqnlMgxQBlFGghFqkgPmehKrXvxz51TtQWoTBLQ4iaPqsG4iO4AyN1LL3ae6q1UC4x2EYY0KP6U8pguSoZWedvDMG/UvcKcmSKUot+6vRDnnsQ4BcMq3rrhNhc8gUCi4hyTRiDRHjfdaFuqEB80E3h+MzEnpolDbthMq8AOlY/T0xZL7WA98znT7Dnp73RuJ/Xj3GznnTHBTFCAGfLOrEkmJIR5nQtlDAUQ4MYVwJ81fKe0wxjia5mS2eYn3AJGOCcedj+EsqJ3n3NF+4KWSLF9OI0mSPHJAccckZKZJrUiJlwskDeSLP5MV6tF6tN+t90pqypjO7ZAbWxzcgYKDF</latexit>

(Eout � Ein)

<latexit sha1_base64="VACGiWI7g+vamvwUsReOZxQBhqs=">AAACFnicbVDLSgNBEJz1bXxFPYmXwSB4Crsi6lH04lHBmEA2hN5JJw6Z2VlmeoUQgr/hD3jVP/AmXr36A36Hk5iDMRY0FFXddHclmZKOwvAzmJmdm19YXFourKyurW8UN7duncmtwIowythaAg6VTLFCkhTWMougE4XVpHsx9Kv3aJ006Q31Mmxo6KSyLQWQl5rFnTizJiPD4xYqgtho7ACPndTNYikshyPwaRKNSYmNcdUsfsUtI3KNKQkFztWjMKNGHyxJoXBQiHOHGYgudLDuaQoaXaM/emHA973S4m1jfaXER+rviT5o53o68Z0a6M799Ybif149p/Zpoy/TLCdMxc+idq64f3mYB29Ji4JUzxMQVvpbubgDC4J8ahNbEgtdpEHBBxP9jWGa3B6Wo+Py0fVR6ex8HNES22V77IBF7ISdsUt2xSpMsAf2xJ7ZS/AYvAZvwftP60wwntlmEwg+vgEdFZ/G</latexit>

/ �! ⇠



 どの様な物理過程でこの”平均からのズレ”を⾒るか?

◦ boundary効果が⽀配的 ← “平均的”にあまり崩壊しない過程

◦ resonant production & decay ← 崩壊部分に集中できる

+

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{
◦ 平⾯波計算で実験値が説明できない ← すぐに実験との⽐較が可能!



 どの様な物理過程でこの”平均からのズレ”を⾒るか?

◦ boundary効果が⽀配的 ← “平均的”にあまり崩壊しない過程

◦ resonant production & decay ← 崩壊部分に集中できる

+

◦ 平⾯波計算で実験値が説明できない ← すぐに実験との⽐較が可能!

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{
<latexit sha1_base64="J84cYAhe0YDX2yRhLywWkuXygQQ=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoPgxbArQT1JwIvHiOYByRpmJ73JkNnZZaZXCEvAH/Cqf+BNvPor/oDf4STZg0ksaCiquunu8mPBNTrOt5VbWV1b38hvFra2d3b3ivsHDR0likGdRSJSLZ9qEFxCHTkKaMUKaOgLaPrDm4nffAKleSQfcBSDF9K+5AFnFI10D49n3WLJKTtT2MvEzUiJZKh1iz+dXsSSECQyQbVuu06MXkoVciZgXOgkGmLKhrQPbUMlDUF76fTUsX1ilJ4dRMqURHuq/p1Iaaj1KPRNZ0hxoBe9ifif104wuPJSLuMEQbLZoiARNkb25G+7xxUwFCNDKFPc3GqzAVWUoUlnbouv6BBwXDDBuIsxLJPGedm9KFfuKqXqdRZRnhyRY3JKXHJJquSW1EidMNInL+SVvFnP1rv1YX3OWnNWNnNI5mB9/QIJOJX1</latexit>

e�

<latexit sha1_base64="bUeFxz0nQzjwTQI4SXfUNz2o5ls=">AAAB/nicbVDLSgNBEJyNrxhfUY9eFoMgCGFXgnqSgBePEc0DkjXMTnqTIbOzy0yvEJaAP+BV/8CbePVX/AG/w0myB5NY0FBUddPd5ceCa3Scbyu3srq2vpHfLGxt7+zuFfcPGjpKFIM6i0SkWj7VILiEOnIU0IoV0NAX0PSHNxO/+QRK80g+4CgGL6R9yQPOKBrpHh7PusWSU3amsJeJm5ESyVDrFn86vYglIUhkgmrddp0YvZQq5EzAuNBJNMSUDWkf2oZKGoL20umpY/vEKD07iJQpifZU/TuR0lDrUeibzpDiQC96E/E/r51gcOWlXMYJgmSzRUEibIzsyd92jytgKEaGUKa4udVmA6ooQ5PO3BZf0SHguGCCcRdjWCaN87J7Ua7cVUrV6yyiPDkix+SUuOSSVMktqZE6YaRPXsgrebOerXfrw/qcteasbOaQzMH6+gUGCJXz</latexit>

e+

<latexit sha1_base64="Qho8SYVB4tbkyFMfBqchMoGj1mY=">AAACAXicbVDLSgNBEJyNrxhfUY9eBoPgKexKUE8S8OIxgnlAsoTeySQZM7O7zPQKYcnJH/Cqf+BNvPol/oDf4STZg0ksaCiquunuCmIpDLrut5NbW9/Y3MpvF3Z29/YPiodHDRMlmvE6i2SkWwEYLkXI6yhQ8lasOahA8mYwup36zSeujYjCBxzH3FcwCEVfMEArNToDUAq6xZJbdmegq8TLSIlkqHWLP51exBLFQ2QSjGl7box+ChoFk3xS6CSGx8BGMOBtS0NQ3Pjp7NoJPbNKj/YjbStEOlP/TqSgjBmrwHYqwKFZ9qbif147wf61n4owTpCHbL6on0iKEZ2+TntCc4ZybAkwLeytlA1BA0Mb0MKWQMOI46Rgg/GWY1gljYuyd1mu3FdK1Zssojw5IafknHjkilTJHamROmHkkbyQV/LmPDvvzofzOW/NOdnMMVmA8/ULxeKXgg==</latexit>�

<latexit sha1_base64="gHobI+/6sBpXyRiYzgGC9i944Nc=">AAACDHicbVBLSgNBFOyJvxg/GXXppjEIrsKMiLqSgBuXEcwHkiH0dN4kTXo+dL8Rw5AreAG3egN34tY7eAHPYSeZhUmsVVH1HlWUn0ih0XG+rcLa+sbmVnG7tLO7t1+2Dw6bOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9up37rEZQWcfSA4wS8kA0iEQjO0Eg9u5zSLsITZjRWdEL7PbviVJ0Z6Cpxc1IhOeo9+6fbj3kaQoRcMq07rpOglzGFgkuYlLqphoTxERtAx9CIhaC9bFZ8Qk+N0qeBiQ7iCOlM/fuRsVDrceiby5DhUC97U/E/r5NicO1lIkpShIjPg4JUUozpdAXaFwo4yrEhjCthulI+ZIpxNFstpPiKjQAnJTOMuzzDKmmeV93L6sX9RaV2k09UJMfkhJwRl1yRGrkjddIgnKTkhbySN+vZerc+rM/5acHKf47IAqyvX2N6mwE=</latexit>

u or d

<latexit sha1_base64="Sloz4zdTDyvEdt+0db3mJ91nVqE=">AAACInicbVDLSsNAFJ34rPUVdelmsBRclUREXUnBjUsFq4W2lMn0pg6dZMLMjVhCvsDf8Afc6h+4E1eCa7/DSQ1i1bM6nHMP994TJFIY9Lw3Z2Z2bn5hsbJUXV5ZXVt3NzYvjUo1hxZXUul2wAxIEUMLBUpoJxpYFEi4CkYnhX91A9oIFV/gOIFexIaxCAVnaKW+W+8qaxfpLM1pF+EWM6o0tfzbGOR9t+Y1vAnoX+KXpEZKnPXdj+5A8TSCGLlkxnR8L8FexjQKLiGvdlMDCeMjNoSOpTGLwPSyyTs5rVtlQEN7RahipBP1ZyJjkTHjKLCTEcNr89srxP+8TorhUS8TcZIixPxrUZhKiooW3dCB0MBRji1hXAt7K+XXTDOOtsGpLYFmI8C8aovxf9fwl1zuNfyDxv75fq15XFZUIdtkh+wSnxySJjklZ6RFOLkjD+SRPDn3zrPz4rx+jc44ZWaLTMF5/wSGraVN</latexit>

u or d<latexit sha1_base64="Egdv9CGUO6SRhv11acPKKoQmgNc=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KomIupKCG5ct2Ae0sUymN+3QyYOZm2II+QJ/wK3+gTtx61f4A36H0zYL23rgwuGcezmX40aCK7Ssb6Owtr6xuVXcLu3s7u0flA+PWiqMJYMmC0UoOy5VIHgATeQooBNJoL4roO2O76Z+ewJS8TB4wCQCx6fDgHucUdTSY6PfQ3jCdAR0kmT9csWqWjOYq8TOSYXkqPfLP71ByGIfAmSCKtW1rQidlErkTEBW6sUKIsrGdAhdTQPqg3LS2deZeaaVgemFUk+A5kz9e5FSX6nEd/WmT3Gklr2p+J/XjdG7cVIeRDFCwOZBXixMDM1pBeaAS2AoEk0ok1z/arIRlZShLmohxZV0DJiVdDH2cg2rpHVRta+ql43LSu02r6hITsgpOSc2uSY1ck/qpEkYkeSFvJI349l4Nz6Mz/lqwchvjskCjK9frHWbWQ==</latexit>

Qheavy

<latexit sha1_base64="k5nZT6PHxgqRsTrZWjOjLUPYQDA=">AAACFnicbVDLSsNAFJ3UV62vqitxEyyCq5JIUVdScOOyBfuANpTJ9LYdOnkwc1MsIfgb/oBb/QN34tatP+B3OGmzsK0HBg7n3MO9c9xQcIWW9W3k1tY3Nrfy24Wd3b39g+LhUVMFkWTQYIEIZNulCgT3oYEcBbRDCdRzBbTc8V3qtyYgFQ/8B5yG4Hh06PMBZxS11CuedANtp+m4nvS6CI8Yj4BOpkmvWLLK1gzmKrEzUiIZar3iT7cfsMgDH5mgSnVsK0QnphI5E5AUupGCkLIxHUJHU596oJx49oXEPNdK3xwEUj8fzZn6NxFTT6mp5+pJj+JILXup+J/XiXBw48TcDyMEn80XDSJhYmCmfZh9LoGhmGpCmeT6VpONqKQMdWsLW1xJx4BJQRdjL9ewSpqXZfuqXKlXStXbrKI8OSVn5ILY5JpUyT2pkQZh5Im8kFfyZjwb78aH8TkfzRlZ5pgswPj6BZ6noLA=</latexit>

Qheavy

(heavy, vector) 

quarkonium

meson

(anti-) 

meson

強い相互作⽤による、重たいクォーコニウム(束縛状態)から 
対応するメソン対崩壊に注⽬!

OK!

自由粒子

自由粒子
中間粒子 

(崩壊する効果を 
取り入れる) 

⇒ 先程の計算の拡張



クォーコニウム崩壊アノマリーの詳細
 重たい(ベクター)クォーコニウム (V), ⼆種類の終状態メソン対: 
  “V→P+P-” & “V→P0P0”.

 for Qheavy = s (strange quark)

◦ P+ は電荷 +1 ;  (P+ の反粒⼦) = P-

◦ P0 は電荷ゼロ; (P0 の反粒⼦) = P0

 以下が報告されている:

<latexit sha1_base64="WKo8f7Ne91AeTVgUMjFhjcjciW0="></latexit>

R(�) :=
Br(� ! K+K�)

Br(� ! K0K0)
= 1.44928± 0.031506

 for Qheavy = c (charm quark)
<latexit sha1_base64="3+l1eUOihsQ8H3Tvj3SSqGTRT1M="></latexit>

R( ) :=
Br( ! D+D�)

Br( ! D0D0)
= 0.798085± 0.010191

<latexit sha1_base64="ozcG2k+DqeG3LmjpUlDcOMxIEkg="></latexit>

R(�)PW =
�(� ! K+K�)

�(� ! K0K0)
= 1.51558± 0.00330

<latexit sha1_base64="OY+MoiUxYdA+WAhTZqmRtm3+D6o="></latexit>

R( )PW =
�(�! D+D�)

�(�! D0D0)
= 0.691545± 0.004636

(PDG globat fit)

(PDG globat fit)

(via PDG results)

(via PDG results)

<latexit sha1_base64="8cBAruyhCsV/dmUfUI843qyRI+4="></latexit>

(� ⇠ ss, K+ ⇠ us, K0 ⇠ ds)

<latexit sha1_base64="hnK4y9QFOW3BRG7Yr3CqT7mklyQ="></latexit>

( ⇠ cc, D+ ⇠ cd, D0 ⇠ cu)

<latexit sha1_base64="mRRQ83vcZsDrmVMKBfwNPcIHcyo=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCvITdEDTHgBePEUwiJEuYnfQmQ2YfzPQqYcnR3/AHvOofeBOvgj/gdzh5HExiQUNR1U13lxdLodG2v63M2vrG5lZ2O7ezu7d/kD88auooURwaPJKRuveYBilCaKBACfexAhZ4Elre8Hritx5AaRGFdziKwQ1YPxS+4AyN1M2fduKBoB0JPirRHyBTKnqkE7Ho2GX7opsv2CV7CrpKnDkpkDnq3fxPpxfxJIAQuWRatx07RjdlCgWXMM51Eg0x40PWh7ahIQtAu+n0kTE9N0qP+pEyFSKdqn8nUhZoPQo80xkwHOhlbyL+57UT9KtuKsI4QQj5bJGfSIoRnaRCe0IBRzkyhHElzK2UD5hiHE12C1s8xYaA45wJxlmOYZU0yyXnslS5rRRq1XlEWXJCzkiROOSK1MgNqZMG4eSJvJBX8mY9W+/Wh/U5a81Y85ljsgDr6xcXHaEm</latexit>

� $ �(1020)

<latexit sha1_base64="3AgLhTd7dAcPzN2uZr5BJFC8uzU=">AAACHHicbVDLTgJBEJzFF+IL9ejBicQEL2RXiXAk8eIRE3kkQMjs0AsTZh+Z6dUQwtHf8Ae86h94M15N/AG/wwH2IGAlnVSqutPd5UZSaLTtbyu1tr6xuZXezuzs7u0fZA+P6jqMFYcaD2Womi7TIEUANRQooRkpYL4roeEOb6Z+4wGUFmFwj6MIOj7rB8ITnKGRutnTdqQFbUvwUIn+AJlS4SOdivmrUsm+6GZzdsGega4SJyE5kqDazf60eyGPfQiQS6Z1y7Ej7IyZQsElTDLtWEPE+JD1oWVowHzQnfHskQk9N0qPeqEyFSCdqX8nxszXeuS7ptNnONDL3lT8z2vF6JU7YxFEMULA54u8WFIM6TQV2hMKOMqRIYwrYW6lfMAU42iyW9jiKjYEnGRMMM5yDKukfllwrgvFu2KuUk4iSpMTckbyxCElUiG3pEpqhJMn8kJeyZv1bL1bH9bnvDVlJTPHZAHW1y9SJaFK</latexit>

 $  (3770)

実験結
果

実験結
果

平面波での理論値

平面波での理論値
<latexit sha1_base64="xulxBUtE7/EEjxgLTb7njMw+gCo=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5id9CZDZmeXmVkhLDn4A171D7yJVz/FH/A7nE1yMIkFDUVVN91dQSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju9xvP6HSPJaPZpKgH9Gh5CFn1ORSL9G8X664VXcGsk68BanAAo1++ac3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72ezWKbmwyoCEsbIlDZmpfycyGmk9iQLbGVEz0qteLv7ndVMT1vyMyyQ1KNl8UZgKYmKSP04GXCEzYmIJZYrbWwkbUUWZsfEsbQkUHaOZlmww3moM66R1VfVuqtcP15V6bRFREc7gHC7Bg1uowz00oAkMRvACr/DmPDvvzofzOW8tOIuZU1iC8/ULUvSWsQ==</latexit>

 



クォーコニウム崩壊アノマリーの詳細
 重たい(ベクター)クォーコニウム (V), ⼆種類の終状態メソン対: 
  “V→P+P-” & “V→P0P0”.

 for Qheavy = s (strange quark)

◦ P+ は電荷 +1 ;  (P+ の反粒⼦) = P-

◦ P0 は電荷ゼロ; (P0 の反粒⼦) = P0

 以下が報告されている:

<latexit sha1_base64="WKo8f7Ne91AeTVgUMjFhjcjciW0="></latexit>

R(�) :=
Br(� ! K+K�)

Br(� ! K0K0)
= 1.44928± 0.031506

 for Qheavy = c (charm quark)
<latexit sha1_base64="3+l1eUOihsQ8H3Tvj3SSqGTRT1M="></latexit>

R( ) :=
Br( ! D+D�)

Br( ! D0D0)
= 0.798085± 0.010191

<latexit sha1_base64="ozcG2k+DqeG3LmjpUlDcOMxIEkg="></latexit>

R(�)PW =
�(� ! K+K�)

�(� ! K0K0)
= 1.51558± 0.00330

(PDG globat fit)

(PDG globat fit)

(via PDG results)

(via PDG results)

~2σ

~9σ!!!

<latexit sha1_base64="8cBAruyhCsV/dmUfUI843qyRI+4="></latexit>

(� ⇠ ss, K+ ⇠ us, K0 ⇠ ds)

<latexit sha1_base64="hnK4y9QFOW3BRG7Yr3CqT7mklyQ="></latexit>

( ⇠ cc, D+ ⇠ cd, D0 ⇠ cu)

<latexit sha1_base64="mRRQ83vcZsDrmVMKBfwNPcIHcyo=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCvITdEDTHgBePEUwiJEuYnfQmQ2YfzPQqYcnR3/AHvOofeBOvgj/gdzh5HExiQUNR1U13lxdLodG2v63M2vrG5lZ2O7ezu7d/kD88auooURwaPJKRuveYBilCaKBACfexAhZ4Elre8Hritx5AaRGFdziKwQ1YPxS+4AyN1M2fduKBoB0JPirRHyBTKnqkE7Ho2GX7opsv2CV7CrpKnDkpkDnq3fxPpxfxJIAQuWRatx07RjdlCgWXMM51Eg0x40PWh7ahIQtAu+n0kTE9N0qP+pEyFSKdqn8nUhZoPQo80xkwHOhlbyL+57UT9KtuKsI4QQj5bJGfSIoRnaRCe0IBRzkyhHElzK2UD5hiHE12C1s8xYaA45wJxlmOYZU0yyXnslS5rRRq1XlEWXJCzkiROOSK1MgNqZMG4eSJvJBX8mY9W+/Wh/U5a81Y85ljsgDr6xcXHaEm</latexit>

� $ �(1020)

<latexit sha1_base64="3AgLhTd7dAcPzN2uZr5BJFC8uzU=">AAACHHicbVDLTgJBEJzFF+IL9ejBicQEL2RXiXAk8eIRE3kkQMjs0AsTZh+Z6dUQwtHf8Ae86h94M15N/AG/wwH2IGAlnVSqutPd5UZSaLTtbyu1tr6xuZXezuzs7u0fZA+P6jqMFYcaD2Womi7TIEUANRQooRkpYL4roeEOb6Z+4wGUFmFwj6MIOj7rB8ITnKGRutnTdqQFbUvwUIn+AJlS4SOdivmrUsm+6GZzdsGega4SJyE5kqDazf60eyGPfQiQS6Z1y7Ej7IyZQsElTDLtWEPE+JD1oWVowHzQnfHskQk9N0qPeqEyFSCdqX8nxszXeuS7ptNnONDL3lT8z2vF6JU7YxFEMULA54u8WFIM6TQV2hMKOMqRIYwrYW6lfMAU42iyW9jiKjYEnGRMMM5yDKukfllwrgvFu2KuUk4iSpMTckbyxCElUiG3pEpqhJMn8kJeyZv1bL1bH9bnvDVlJTPHZAHW1y9SJaFK</latexit>

 $  (3770)

実験結
果

実験結
果

平面波での理論値

平面波での理論値

<latexit sha1_base64="OY+MoiUxYdA+WAhTZqmRtm3+D6o="></latexit>

R( )PW =
�(�! D+D�)

�(�! D0D0)
= 0.691545± 0.004636

<latexit sha1_base64="xulxBUtE7/EEjxgLTb7njMw+gCo=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5id9CZDZmeXmVkhLDn4A171D7yJVz/FH/A7nE1yMIkFDUVVN91dQSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju9xvP6HSPJaPZpKgH9Gh5CFn1ORSL9G8X664VXcGsk68BanAAo1++ac3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72ezWKbmwyoCEsbIlDZmpfycyGmk9iQLbGVEz0qteLv7ndVMT1vyMyyQ1KNl8UZgKYmKSP04GXCEzYmIJZYrbWwkbUUWZsfEsbQkUHaOZlmww3moM66R1VfVuqtcP15V6bRFREc7gHC7Bg1uowz00oAkMRvACr/DmPDvvzofzOW8tOIuZU1iC8/ULUvSWsQ==</latexit>

 偶々起きる確率は、 
~ 10-17%

偶々起きる確率は、 
~ 4.5%



クォーコニウム崩壊アノマリーの詳細
 重たい(ベクター)クォーコニウム (V), ⼆種類の終状態メソン対: 
  “V→P+P-” & “V→P0P0”.

 for Qheavy = s (strange quark)

◦ P+ は電荷 +1 ;  (P+ の反粒⼦) = P-

◦ P0 は電荷ゼロ; (P0 の反粒⼦) = P0

 以下が報告されている:

<latexit sha1_base64="WKo8f7Ne91AeTVgUMjFhjcjciW0="></latexit>

R(�) :=
Br(� ! K+K�)

Br(� ! K0K0)
= 1.44928± 0.031506

 for Qheavy = c (charm quark)
<latexit sha1_base64="3+l1eUOihsQ8H3Tvj3SSqGTRT1M="></latexit>

R( ) :=
Br( ! D+D�)

Br( ! D0D0)
= 0.798085± 0.010191

<latexit sha1_base64="ozcG2k+DqeG3LmjpUlDcOMxIEkg="></latexit>

R(�)PW =
�(� ! K+K�)

�(� ! K0K0)
= 1.51558± 0.00330

(PDG globat fit)

(PDG globat fit)

(via PDG results)

(via PDG results)

~2σ

~9σ!!!

<latexit sha1_base64="8cBAruyhCsV/dmUfUI843qyRI+4="></latexit>

(� ⇠ ss, K+ ⇠ us, K0 ⇠ ds)

<latexit sha1_base64="hnK4y9QFOW3BRG7Yr3CqT7mklyQ="></latexit>

( ⇠ cc, D+ ⇠ cd, D0 ⇠ cu)

<latexit sha1_base64="mRRQ83vcZsDrmVMKBfwNPcIHcyo=">AAACHHicbVDLSgNBEJyNrxhfUY8eHAxCvITdEDTHgBePEUwiJEuYnfQmQ2YfzPQqYcnR3/AHvOofeBOvgj/gdzh5HExiQUNR1U13lxdLodG2v63M2vrG5lZ2O7ezu7d/kD88auooURwaPJKRuveYBilCaKBACfexAhZ4Elre8Hritx5AaRGFdziKwQ1YPxS+4AyN1M2fduKBoB0JPirRHyBTKnqkE7Ho2GX7opsv2CV7CrpKnDkpkDnq3fxPpxfxJIAQuWRatx07RjdlCgWXMM51Eg0x40PWh7ahIQtAu+n0kTE9N0qP+pEyFSKdqn8nUhZoPQo80xkwHOhlbyL+57UT9KtuKsI4QQj5bJGfSIoRnaRCe0IBRzkyhHElzK2UD5hiHE12C1s8xYaA45wJxlmOYZU0yyXnslS5rRRq1XlEWXJCzkiROOSK1MgNqZMG4eSJvJBX8mY9W+/Wh/U5a81Y85ljsgDr6xcXHaEm</latexit>

� $ �(1020)

<latexit sha1_base64="3AgLhTd7dAcPzN2uZr5BJFC8uzU=">AAACHHicbVDLTgJBEJzFF+IL9ejBicQEL2RXiXAk8eIRE3kkQMjs0AsTZh+Z6dUQwtHf8Ae86h94M15N/AG/wwH2IGAlnVSqutPd5UZSaLTtbyu1tr6xuZXezuzs7u0fZA+P6jqMFYcaD2Womi7TIEUANRQooRkpYL4roeEOb6Z+4wGUFmFwj6MIOj7rB8ITnKGRutnTdqQFbUvwUIn+AJlS4SOdivmrUsm+6GZzdsGega4SJyE5kqDazf60eyGPfQiQS6Z1y7Ej7IyZQsElTDLtWEPE+JD1oWVowHzQnfHskQk9N0qPeqEyFSCdqX8nxszXeuS7ptNnONDL3lT8z2vF6JU7YxFEMULA54u8WFIM6TQV2hMKOMqRIYwrYW6lfMAU42iyW9jiKjYEnGRMMM5yDKukfllwrgvFu2KuUk4iSpMTckbyxCElUiG3pEpqhJMn8kJeyZv1bL1bH9bnvDVlJTPHZAHW1y9SJaFK</latexit>

 $  (3770)

実験結
果

実験結
果

平面波での理論値

平面波での理論値

◦ boundary効果が⽀配的 ← “平均的”にあまり崩壊しない過程

◦ resonant production & decay ← 崩壊部分に集中できる

+

<latexit sha1_base64="Lh/1HbGH6+7S9V6YJPd6KN3c3NI=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexK0BwDXjxGMQ9IQpid9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/hJNmDSSxoKKq66e7yY8G1cd1vJ7exubW9k98t7O0fHB4Vj0+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx/fzvzWEyrNI/loJjH2QjqUPOCMGis9dNN+seSW3TnIOvEyUoIM9X7xpzuIWBKiNExQrTueG5teSpXhTOC00E00xpSN6RA7lkoaou6l80un5MIqAxJEypY0ZK7+nUhpqPUk9G1nSM1Ir3oz8T+vk5ig2ku5jBODki0WBYkgJiKzt8mAK2RGTCyhTHF7K2EjqigzNpylLb6iYzTTg g3GW41hnTSvyt51uXJfKdWqWUR5OINzuAQPbqAGd1CHBjAI4AVe4c15dt6dD+dz0ZpzsplTWILz9Qu5vZXM</latexit>

{
◦ 平⾯波計算で実験値が説明できない ← すぐに実験との⽐較が可能!

OK!

<latexit sha1_base64="OY+MoiUxYdA+WAhTZqmRtm3+D6o="></latexit>

R( )PW =
�(�! D+D�)

�(�! D0D0)
= 0.691545± 0.004636

<latexit sha1_base64="xulxBUtE7/EEjxgLTb7njMw+gCo=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKaI4BLx4jmAckS5id9CZDZmeXmVkhLDn4A171D7yJVz/FH/A7nE1yMIkFDUVVN91dQSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju9xvP6HSPJaPZpKgH9Gh5CFn1ORSL9G8X664VXcGsk68BanAAo1++ac3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72ezWKbmwyoCEsbIlDZmpfycyGmk9iQLbGVEz0qteLv7ndVMT1vyMyyQ1KNl8UZgKYmKSP04GXCEzYmIJZYrbWwkbUUWZsfEsbQkUHaOZlmww3moM66R1VfVuqtcP15V6bRFREc7gHC7Bg1uowz00oAkMRvACr/DmPDvvzofzOW8tOIuZU1iC8/ULUvSWsQ==</latexit>

 偶々起きる確率は、 
~ 10-17%

偶々起きる確率は、 
~ 4.5%



 アイソスピン極限 (u と d の質量差なし ⇒ g+ = g0)だと 

  平⾯波の理論値は粒⼦の質量のみに依存する
It should be good since mu ~ md ~ O(1) MeV, 
while ms ~ O(102) MeV and mc ~ O(1) GeV.where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay

� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)

where the corresponding values for � ! K0K0 are obtained after replacements (g+ ! g0 and mK+ !
mK0) straightforwardly. Combining them leads us to the result

Rth :=
� (� ! K+K�)

�
⇣
� ! K0K0

⌘
�����
th

=:

✓
g2+
g20

◆
RFGR2 (1.6)

=

✓
g2+
g20

◆ 
m2

� � 4m2
K+

m2
� � 4m2

K0

!3/2

. (1.7)

Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1

When we take the following non-relativistic limit in the relativistic form in Eq. (1.5),

��!KK
plane =

g2

48⇡m2
�

�
m2

� � 4m2
K

�3/2

=
g2

48⇡m2
�

[(m� � 2mK) (m� + 2mK)]
3/2

! g2

48⇡m�(2mK)
(4mK)

3/2 (m� � 2mK)
3/2 , (1.9)

where we used the relationship m� ' 2mK except for the factor (m� � 2mK)
3/2, so we get

��!KK
plane ! g2m2

K

12⇡m�

✓
m� � 2mK

mK

◆3/2

, (1.10)

which is equivalent to the previous form with E0 = m�, E1 ' mK ' E2.

2 Form Factor

We focus on the following form for a non-relativistic bound state composed of the heavy quark Q (x1, s1)
and the anti-quarkQ (x2, s2) at a certain time, wherex1,2 and s1,2 are their positions and spins, respectively,

|V (QQ),P i :=
X

s01,s
0
2

Z
dx1dx2e

iP ·x1+x2
2 Fs01,s

0
2
(x1 � x2)Q

† (x1, s
0
1)Q

†
(x2, s

0
2) |0i , (2.1)

1When we compare Eq. (1.3) and Eq. (1.8) simply, the discrepancy is ⇠ 3� without the radiative correction, and the
discrepancy becomes more than 5� with the radiative correction (⌘ = 1.042).

2

where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay
� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)

where the corresponding values for � ! K0K0 are obtained after replacements (g+ ! g0 and mK+ !
mK0) straightforwardly. Combining them leads us to the result

Rth :=
� (� ! K+K�)

�
⇣
� ! K0K0

⌘
�����
th

=:

✓
g2+
g20

◆
RFGR2 (1.6)

=

✓
g2+
g20

◆ 
m2

� � 4m2
K+

m2
� � 4m2

K0

!3/2

. (1.7)

Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1

When we take the following non-relativistic limit in the relativistic form in Eq. (1.5),

��!KK
plane =

g2

48⇡m2
�

�
m2

� � 4m2
K

�3/2

=
g2

48⇡m2
�

[(m� � 2mK) (m� + 2mK)]
3/2

! g2

48⇡m�(2mK)
(4mK)

3/2 (m� � 2mK)
3/2 , (1.9)

where we used the relationship m� ' 2mK except for the factor (m� � 2mK)
3/2, so we get

��!KK
plane ! g2m2

K

12⇡m�

✓
m� � 2mK

mK

◆3/2

, (1.10)

which is equivalent to the previous form with E0 = m�, E1 ' mK ' E2.

2 Form Factor

We focus on the following form for a non-relativistic bound state composed of the heavy quark Q (x1, s1)
and the anti-quarkQ (x2, s2) at a certain time, wherex1,2 and s1,2 are their positions and spins, respectively,

|V (QQ),P i :=
X

s01,s
0
2

Z
dx1dx2e

iP ·x1+x2
2 Fs01,s

0
2
(x1 � x2)Q

† (x1, s
0
1)Q

†
(x2, s

0
2) |0i , (2.1)

1When we compare Eq. (1.3) and Eq. (1.8) simply, the discrepancy is ⇠ 3� without the radiative correction, and the
discrepancy becomes more than 5� with the radiative correction (⌘ = 1.042).

2

◦

◦

◦
<latexit sha1_base64="v+TDfUJOjUZZfaltNC2kc1Jc5zM="></latexit>

m� = 1019.461± 0.016MeV

◦ <latexit sha1_base64="Ui0dDgRQjRX+9rQkD9zAfGJIu/k="></latexit>

�� = 4.249± 0.013MeV
<latexit sha1_base64="jGLDvY/PBSm13mXS2xFaBmX5NlE="></latexit>

mK+ = 493.677± 0.016MeV
<latexit sha1_base64="X+EHkB+6Y2ECfI7XoV/oS8LHyYI="></latexit>

mK0 = 497.611± 0.013MeV

◦
◦

◦
<latexit sha1_base64="rOayAfF/VUH81APCAlaF9G64m2Y=">AAACIXicbVDLSgNBEJyNrxhfUY9eBqPgQZZdDcaLEPDiRVAwUciGMDvpJENmdpeZXjEs+QF/wx/wqn/gTbyJd7/DScxBowUNRVU33V1hIoVBz3t3cjOzc/ML+cXC0vLK6lpxfaNu4lRzqPFYxvomZAakiKCGAiXcJBqYCiVch/3TkX99C9qIOLrCQQJNxbqR6AjO0Eqt4o5qBYkR9IQeViqHboUGiaKeW6bBfoBwh9k51IetYslzvTHoX+JPSIlMcNEqfgbtmKcKIuSSGdPwvQSbGdMouIRhIUgNJIz3WRcalkZMgWlm42+GdNcqbdqJta0I6Vj9OZExZcxAhbZTMeyZaW8k/uc1UuwcNzMRJSlCxL8XdVJJMaajaGhbaOAoB5YwroW9lfIe04yjDfDXllCzPuCwYIPxp2P4S+oHrn/kli/LperxJKI82SLbZI/4pEKq5IxckBrh5J48kify7Dw4L86r8/bdmnMmM5vkF5yPLwlooXg=</latexit>

m = 3773.7± 0.4MeV
<latexit sha1_base64="TX5F82TOhKoE7zUCPZpJyLHVZ2o="></latexit>

� = 27.2± 1.0MeV
<latexit sha1_base64="SiJ6IScHcQG3SPbwi3xDd77H6gs="></latexit>

mD+ = 1869.66± 0.05MeV
<latexit sha1_base64="e5210QGyhaPaGomencndzaYdp/o="></latexit>

mD0 = 1864.84± 0.05MeV

◦
◦
◦

◦

◦
◦

<latexit sha1_base64="atVWn05gmmvz2LnnjMauvx0xv4E="></latexit>

(Br( ! D+D�) = 41± 4%)
<latexit sha1_base64="NeHuz8yBxlqMsPzXORBF/FM+C+k="></latexit>

(Br( ! D0D0) = 52+4
�5%)

<latexit sha1_base64="tsDQ7VK/eRSszVvJzqbx3a7Dw8w="></latexit>

(Br(� ! K0
SK

0
L) ' Br(� ! K0K0) = 33.9± 0.4%)

<latexit sha1_base64="HOUagBvXfQmJmk9e/Bwcj45Fov4="></latexit>

(Br(� ! K+K�) = 49.1± 0.5%)

◦

R(Φ)の実験値とのずれは、(平⾯波での)アイソスピンの破れ、QED⾼次効果では説明不可.
[Branon,Escribano,Lucio,Pancheri, hep-ph/0003273]

(mΦ-2mK+ ~ 32MeV, 

mΦ-2mK0 ~ 24MeV)

(mψ-2mD+ ~ 34MeV, 

mψ-2mD0 ~ 44MeV)



 アイソスピン極限 (u と d の質量差なし ⇒ g+ = g0)だと 

  平⾯波の理論値は粒⼦の質量のみに依存する
It should be good since mu ~ md ~ O(1) MeV, 
while ms ~ O(102) MeV and mc ~ O(1) GeV.where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay

� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)

where the corresponding values for � ! K0K0 are obtained after replacements (g+ ! g0 and mK+ !
mK0) straightforwardly. Combining them leads us to the result

Rth :=
� (� ! K+K�)

�
⇣
� ! K0K0

⌘
�����
th

=:

✓
g2+
g20

◆
RFGR2 (1.6)

=

✓
g2+
g20

◆ 
m2

� � 4m2
K+

m2
� � 4m2

K0

!3/2

. (1.7)

Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1

When we take the following non-relativistic limit in the relativistic form in Eq. (1.5),

��!KK
plane =

g2

48⇡m2
�

�
m2

� � 4m2
K

�3/2

=
g2

48⇡m2
�

[(m� � 2mK) (m� + 2mK)]
3/2

! g2

48⇡m�(2mK)
(4mK)

3/2 (m� � 2mK)
3/2 , (1.9)

where we used the relationship m� ' 2mK except for the factor (m� � 2mK)
3/2, so we get

��!KK
plane ! g2m2

K

12⇡m�

✓
m� � 2mK

mK

◆3/2

, (1.10)

which is equivalent to the previous form with E0 = m�, E1 ' mK ' E2.

2 Form Factor

We focus on the following form for a non-relativistic bound state composed of the heavy quark Q (x1, s1)
and the anti-quarkQ (x2, s2) at a certain time, wherex1,2 and s1,2 are their positions and spins, respectively,

|V (QQ),P i :=
X

s01,s
0
2

Z
dx1dx2e

iP ·x1+x2
2 Fs01,s

0
2
(x1 � x2)Q

† (x1, s
0
1)Q

†
(x2, s

0
2) |0i , (2.1)

1When we compare Eq. (1.3) and Eq. (1.8) simply, the discrepancy is ⇠ 3� without the radiative correction, and the
discrepancy becomes more than 5� with the radiative correction (⌘ = 1.042).

2

where g+ is the e�ective dimensionless coupling, while g0 is the counterpart (instead of g+) for the decay
� ! K0K0. In the limit of exact SU(2) flavor symmetry, we get g+ = g0 (see e.g. [2]). In the ordinary
plane wave formalism, the decay width takes the form,

�
�
� ! K+K�� = 2

3

✓
g2+
4⇡

◆
|k|3

m2
�

,

|k| = 1

2

�
m2

� � 4m2
K+

�1/2
, (1.5)

where the corresponding values for � ! K0K0 are obtained after replacements (g+ ! g0 and mK+ !
mK0) straightforwardly. Combining them leads us to the result

Rth :=
� (� ! K+K�)

�
⇣
� ! K0K0

⌘
�����
th

=:

✓
g2+
g20

◆
RFGR2 (1.6)

=

✓
g2+
g20

◆ 
m2

� � 4m2
K+

m2
� � 4m2

K0

!3/2

. (1.7)

Based on the above PDG-Live digits, we get

RFGR2 = 1.51558 ' 1.516, (1.8)

where the error here would be negligible up to the rounded digits. In Ref. [2] (as a quotation of the
analysis done in Ref. [3]), the radiative correction factor (in the ordinary QFT formalism), ⌘ = 1.042,
was reported (see also [4–6]).1

When we take the following non-relativistic limit in the relativistic form in Eq. (1.5),

��!KK
plane =

g2

48⇡m2
�

�
m2

� � 4m2
K

�3/2

=
g2

48⇡m2
�

[(m� � 2mK) (m� + 2mK)]
3/2

! g2

48⇡m�(2mK)
(4mK)

3/2 (m� � 2mK)
3/2 , (1.9)

where we used the relationship m� ' 2mK except for the factor (m� � 2mK)
3/2, so we get

��!KK
plane ! g2m2

K

12⇡m�

✓
m� � 2mK

mK

◆3/2

, (1.10)

which is equivalent to the previous form with E0 = m�, E1 ' mK ' E2.

2 Form Factor

We focus on the following form for a non-relativistic bound state composed of the heavy quark Q (x1, s1)
and the anti-quarkQ (x2, s2) at a certain time, wherex1,2 and s1,2 are their positions and spins, respectively,

|V (QQ),P i :=
X

s01,s
0
2

Z
dx1dx2e

iP ·x1+x2
2 Fs01,s

0
2
(x1 � x2)Q

† (x1, s
0
1)Q

†
(x2, s

0
2) |0i , (2.1)

1When we compare Eq. (1.3) and Eq. (1.8) simply, the discrepancy is ⇠ 3� without the radiative correction, and the
discrepancy becomes more than 5� with the radiative correction (⌘ = 1.042).
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m = 3773.7± 0.4MeV
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� = 27.2± 1.0MeV
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mD+ = 1869.66± 0.05MeV
<latexit sha1_base64="e5210QGyhaPaGomencndzaYdp/o="></latexit>

mD0 = 1864.84± 0.05MeV
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(Br( ! D+D�) = 41± 4%)
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(Br( ! D0D0) = 52+4
�5%)
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(Br(� ! K0
SK

0
L) ' Br(� ! K0K0) = 33.9± 0.4%)
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(Br(� ! K+K�) = 49.1± 0.5%)

◦

R(Φ)の実験値とのずれは、(平⾯波での)アイソスピンの破れ、QED⾼次効果では説明不可.
[Branon,Escribano,Lucio,Pancheri, hep-ph/0003273]

(mΦ-2mK+ ~ 32MeV, 

mΦ-2mK0 ~ 24MeV)

(mψ-2mD+ ~ 34MeV, 

mψ-2mD0 ~ 44MeV)

◦ boundary効果が⽀配的 ← “平均的”にあまり崩壊しない過程

◦ resonant production & decay ← 崩壊部分に集中できる

+
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{
◦ 平⾯波計算で実験値が説明できない ← すぐに実験との⽐較が可能!

OK!
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The latest e-e+→Φ→K+K- data by CMD-3 (2018) 
⇒ determining σ(e-e+→Φ) and mΦ by global fit. 

[1710.02989 (CMD-3)]

suggested as in R(Φ)

σK (メソン波束) の大きさが 

この領域なら実験と矛盾しない。 

実験データが既に精密のため 

制限が強い。
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e-e+→ψ→D+D-  and D0D0 data by CLEO, Babar, Belle, BES 
⇒ determining σ(e-e+→ψ) and mψ by global fit. 

[Shamov,Yu,Todyshev, PLB 769 (2017) 187]

suggested as in R(ψ)
Preliminary実験でのレゾナンス形状からの制限

σK (メソン波束) の大きさが 

この領域なら実験と矛盾しない。 

まだ広い領域が許されている。
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更なる⼀般論の議論が必要 (future works)。
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Beyond the simplest calculation
 We examined the simplest 1→2 case in wave-packet formalism. 
  Now, we will be interested in

2. How about the 2→2 full scattering, including the production part?

1. When the wave-packet effect becomes significant?



1. When the wave-packet effect becomes significant?

 The plane-wave calculation includes only the pure bulk part.

 In the S-matrix, when we focus on momentum-non-conserving 
 (off-shell) part, the difference between the bulk and boundary 
 becomes significant.

Let me remind you that:

Configurations where the boundary parts are dominant.

A valid phase space is nallow, near kinetic threshold.



2. How about the 2→2 full scattering, including the production part?

 The full format of S for the resonant process (ϕϕ ➔ Φ ➔ ϕϕ) is available.
[Ishiwaka,KN,Oda 

(2006.14159, 2102.12032]

time
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decayproduction
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T (decay)
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T (decay)
out

◦ It is necessary for full analyses.

◦ More knowledge on 
(Note: within “1→2”, this is 
  a parameter.)
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◦ Full analysis of P(ϕϕ ➔ Φ ➔ ϕϕ) 
is not yet due to the complicated 
phase space..

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�
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�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="ssTLdJhthir8jRD9p5O1B6SsOYM=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiQi2mXBjcsK9gFtKJPppBk6mYSZG6GELvwBt/oH7sStn+IP+B0mbRa29cCFwzn3cu89XiyFQdv+tkobm1vbO+Xdyt7+weFR9fikY6JEM95mkYx0z6OGS6F4GwVK3os1p6Enedeb3OV+94lrIyL1iNOYuyEdK+ELRjGXBnEghtWaXbfnIOvEKUgNCrSG1Z/BKGJJyBUySY3pO3aMbko1Cib5rDJIDI8pm9Ax72dU0ZAbN53fOiMXmTIifqSzUkjm6t+JlIbGTEMv6wwpBmbVy8X/vH6CfsNNhYoT5IotFvmJJBiR/HEyEpozlNOMUKZFdithAdWUYRbP0hZP0wnHWSULxlmNYZ10rurOTf364brWbBQRleEMzuESHLiFJtxDC9rAIIAXeIU369l6tz6sz0VrySpmTmEJ1tcvQWGWpg==</latexit>

�

<latexit sha1_base64="1qKEZCyqn7jrb61wFkT6p89KxcI=">AAACGHicbZDJSgNBEIZ74hbjFvWYy2AQ4iXMSNAcA148RsgGSRx6OjVJk56F7hoxDHPwNXwBr/oG3sSrN1/A57CzHExiQcPH/1dRXb8bCa7Qsr6NzMbm1vZOdje3t39weJQ/PmmpMJYMmiwUoey4VIHgATSRo4BOJIH6roC2O76Z+u0HkIqHQQMnEfR9Ogy4xxlFLTn5QsPpITxiwoP0PpljSWn3Ik2dfNEqW7My18FeQJEsqu7kf3qDkMU+BMgEVaprWxH2EyqRMwFprhcriCgb0yF0NQbUB9VPZkek5rlWBqYXSv0CNGfq34mE+kpNfFd3+hRHatWbiv953Ri9al/fF8UIAZsv8mJhYmhOEzEHXAJDMdFAmeT6ryYbUUkZ6tyWtriSjgHTnA7GXo1hHVqXZfuqXLmrFGvVRURZUiBnpERsck1q5JbUSZMw8kReyCt5M56Nd+PD+Jy3ZozFzClZKuPrF61goS4=</latexit>

T (scat)
in

<latexit sha1_base64="+iIrciE+ccy7fPlSByWc737WiVI=">AAACGnicbZDJSgNBEIZ7XGPcoh5FGAxCvIQZCZqLEPDiMUI2SMahp1NJmvQsdNeIYZiTr+ELeNU38CZevfgCPoed5WASCxo+/r+Kqv69SHCFlvVtrKyurW9sZray2zu7e/u5g8OGCmPJoM5CEcqWRxUIHkAdOQpoRRKo7wloesObsd98AKl4GNRwFIHj037Ae5xR1JKbO7muuR2ER0zCGNP7ZMoFpf3zNHVzeatoTcpcBnsGeTKrqpv76XRDFvsQIBNUqbZtRegkVCJnAtJsJ1YQUTakfWhrDKgPykkm30jNM610zV4o9QvQnKh/JxLqKzXyPd3pUxyoRW8s/ue1Y+yVnYQHUYwQsOmiXixMDM1xJmaXS2AoRhook1zfarIBlZShTm5uiyfpEDDN6mDsxRiWoXFRtC+LpbtSvlKeRZQhx+SUFIhNrkiF3JIqqRNGnsgLeSVvxrPxbnwYn9PWFWM2c0Tmyvj6BTpcogA=</latexit>

= T (scat)
out

input parameters 
of  scattering



2. How about the 2→2 full scattering, including the production part?

 We consider the scheme of approximation for “ϕϕ ➔ Φ ➔ ϕϕ”.
[Ishiwaka,Jinnouchi,KN,Oda 

(ongoing)]

time

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�

decayproduction

<latexit sha1_base64="dmNxYmNRKOTMr7IzTSLfeLRwyns="></latexit>

T (decay)
in

<latexit sha1_base64="kE16ATGP+7Splo7z5J5mPfDi5qg="></latexit>

T (decay)
out
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�

<latexit sha1_base64="aWQnsngYA/hZu/If6dJrzT9pRL4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0aI8FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwqafMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b2b+vVDo9ZqFnGU4QzO4RI8uIUW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPiU44d</latexit>

�<latexit sha1_base64="Vol0Z6zhODbcYmv/EfI7ONMQ1L4=">AAACAnicbVDLSgMxFM3UV62vqks3wSK4KjMi2mXBjcsK9gHtUDLpnTZMZjIkd4QydOcPuNU/cCdu/RF/wO8wfSxs64HA4Zx7OTcnSKUw6LrfTmFjc2t7p7hb2ts/ODwqH5+0jMo0hyZXUulOwAxIkUATBUropBpYHEhoB9Hd1G8/gTZCJY84TsGP2TARoeAMrdTuKRQxmH654lbdGeg68RakQhZo9Ms/vYHiWQwJcsmM6Xpuin7ONAouYVLqZQZSxiM2hK6lCbMhfj47d0IvrDKgodL2JUhn6t+NnMXGjOPATsYMR2bVm4r/ed0Mw5qfiyTNEBI+DwozSVHR6d/pQGjgKMeWMK6FvZXyEdOMo21oKSXQLAKclGwx3moN66R1VfVuqtcP15V6bVFRkZyRc3JJPHJL6uSeNEiTcBKRF/JK3pxn5935cD7nowVnsXNKluB8/QLOQJgU</latexit>⌦

◦ We assume the factorisation 
   (for a resonance, it will works.)

◦ The final-state profile is 
   determined in the decay part.

◦ The intermediate Φ state is 
   NOT a free asymptotic state. 
   We take account of this nature by

<latexit sha1_base64="iaU3T+zdxmvOCphqqpubkpwrgmA=">AAACJnicbVDLSsNAFJ34rPUVdekmWIR2UxIp2mVBCi4r2Ac0IUwmN+3QyYOZiVBCvsHf8Afc6h+4E3Hnyu9w2mZhWw9cOJxzL/fe4yWMCmmaX9rG5tb2zm5pr7x/cHh0rJ+c9kSccgJdErOYDzwsgNEIupJKBoOEAw49Bn1vcjvz+4/ABY2jBzlNwAnxKKIBJVgqydVrbdes2knoZZ3cNWuGLWNVlPmQtfMly9UrZt2cw1gnVkEqqEDH1X9sPyZpCJEkDAsxtMxEOhnmkhIGedlOBSSYTPAIhopGOAThZPOXcuNSKb4RxFxVJI25+nciw6EQ09BTnSGWY7HqzcT/vGEqg6aT0ShJJURksShImaH+nuVj+JQDkWyqCCacqlsNMsYcE6lSXNricTwBmZdVMNZqDOukd1W3ruuN+0al1SwiKqFzdIGqyEI3qIXuUAd1EUFP6AW9ojftWXvXPrTPReuGVsycoSVo378Nq6S/</latexit>

E0(PPP 0) ! Ẽ0(PPP 0)
<latexit sha1_base64="czPkUyuoRBfmRrzXQkP6wpbPd40="></latexit>

=
q
PPP 2

0 +m2
� � i��m�

<latexit sha1_base64="jInGT9X72FsyCQUz0kmqbgORwZc="></latexit>

' E0(PPP 0)� i
m�

2E0(PPP 0)
��

(Weisskopf-Wigner Approximation)



Details on S(Φ ➔ ϕϕ)

3.2 Spacetime integral over position of interaction point

One can exactly perform the Gaussian integrals over the interaction point x = (t,x) in
Eq. (27) to get
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where we have defined the window function:

G(T) :=
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in which

erf(z) :=
2p
⇡

Z
z

0

e�x
2

dx (60)

is the Gauss error function. In the small and large |z| limits, its (asymptotic) expansion reads,
respectively,
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erf(z) = sgn(z) + e�z
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where we have defined a sign function for a complex variable:

sgn(z) :=

8
><

>:

1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(63)

From Eq. (58), we see that the S-matrix is exponentially suppressed unless the momentum
is nearly conserved, �P ⇠ 0. This is also the case for the energy conservation �! ⇠ 0 except in
the boundary regions, at which the translational invariance is explicitly broken; see Sec. 3.4
below. As said above, the overlap exponent R gives another suppression when the wave
packets do not overlap.

3.3 Separation of bulk and boundary e↵ects

It is convenient to separate the window function (59) into the bulk part and the in- and
out-boundary ones:

G(T) = Gbulk(T) +Gin-bdry(T) +Gout-bdry(T) , (64)
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Figure 1: Schematic figure for a configuration with fixed ⇧A = (PA, XA) with A = 0, 1, 2.
(�A are kept fixed throughout this paper.) Each wave packet is defined at time TA as a free
Gaussian wave packet centered at XA. Within our leading saddle-point approximation, the
widths of the wave packets do not change in time, see Eq. (18), and therefore it does not
really matter at which time each wave packet is set to be the free Gaussian wave packet. The
wave packets intersect at the time T, around which the interactions occur most. XA is the
location of the center of each wave packet at the (arbitrarily chosen) reference time t = 0. At
time t, the location of the center moves to ⌅A(t) = XA + V At.

3.1 Saddle-point approximation in plane-wave limit

With the leading saddle-point approximation (18) in the large width expansion for all the in
and out wave packets, we obtain the S-matrix for a given configuration (⇧0,⇧1,⇧2):11
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where the symbols indicate the following:

• EA are the on-shell energies:

EA :=
q
m2

A
+ P 2

A
(A = 0, 1, 2), (28)

with m0 := m� and ma := m� (a = 1, 2) being their masses. (This is mere a rephrasing
of Eq. (3).)

• V A are the corresponding group velocities:

V A :=
PA

EA

. (29)

11Recall that we abbreviate (�0,⇧0;�1,⇧1;�2,⇧2) to (⇧0,⇧1,⇧2).
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We may freely choose either variable PA or V A, which are in one-to-one correspondence.

• p
�s is the spatial size of the interaction region:

�s :=

 
2X

A=0

1

�A

!�1

. (30)

Hereafter, we abbreviate e.g.
P

2

A=0
to
P

A
. (We also let the lower-case letters a, b, . . .

run for the final states 1 and 2 such that
P

a
:=
P

2

a=1
, etc.)

• The overline denotes the following weighted sum (and not the complex conjugate): For
arbitrary scalar and three-vector quantities CA and QA, respectively, we define

C := �s
X

A

CA

�A
, Q := �s

X

A

QA

�A
. (31)

We further define, for any QA,

�Q2 := Q2 �Q
2
, (32)

where Q2 = �s
P

A

Q2

A

�A

and Q
2
= Q · Q = �2

s

P
AB

Q
A
·Q

B

�A�B

, which follow from the
definition (31).

• p
�t is the time-like size of the interaction region:

�t :=
�s

�V 2
. (33)

• T is what we call the intersection time, around which the interaction occurs:

T := �t
V ·X� V ·X

�s
=

V ·X� V ·X
�V 2

, (34)

where XA = ⌅A(0) is the location of the center of each wave packet at our reference
time t = 0:

XA := XA � V ATA. (35)

• R is what we will call the overlap exponent that gives the suppression factor accounting
for the non-overlap of the wave packets at the intersection point:

R :=
�X2

�s
� T2

�t
. (36)

• We define the mometum and energy shifts, etc:

�P := P 1 + P 2 � P 0, �E := E1 + E2 � E0, �! := �E � V · �P . (37)

• “i [· · · ]” denotes the irrelevant pure imaginary terms that are independent of x. We will
neglect them hereafter as they disappear when we take the absolute square of S.
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A
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Note that each quantity defined in the above list is a fixed real number for a given configuration
of the wave packets (⇧0,⇧1,⇧2). Later we will treat Xa (a = 1, 2) as variables of six degrees
of freedom; others T, Xa, and R are dependent ones. (If we vary the final state momenta,
then P a (a = 1, 2) also become variables; others V a, �t, �P , �E, and �! become dependent
ones accordingly.)

For any pair of three-vectors QA and Q0
A
(A = 0, 1, 2), we get

Q ·Q0 �Q ·Q0 = �2

s


�Q1 · �Q0

1

�0�1
+

�Q2 · �Q0
2

�0�2
+

(�Q1 � �Q2) · (�Q0
1 � �Q0

2)

�1�2

�
, (38)

where we define, for any QA,
12

�Qa := Qa �Q0. (39)

Note that we always have �Q1 � �Q2 = Q1 �Q2. Especially,

�Q2 = �2

s

"
(�Q1)

2

�0�1
+

(�Q2)
2

�0�2
+

(�Q1 � �Q2)
2

�1�2

#

= �2

s

"
(Q1 �Q0)

2

�0�1
+

(Q2 �Q0)
2

�0�2
+

(Q1 �Q2)
2

�1�2

#
, (40)

or more concretely,

�X2 = �2

s

"
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

#
, (41)

�V 2 = �2

s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#
. (42)

Then we get

�t =
1

�s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#�1

, (43)

T = ��s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
, (44)

R = �s

(
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

� �s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
2
)
. (45)

Note that for a parent particle at rest, P 0 = 0, we may simply replace �V a ! V a. Expressions
in various limits are shown in Appendix C.

Let us prove the non-negativity of R. In general, the weighted average for any real
vector Q satisfies

�Q2 = Q2 �Q
2
=

�
Q�Q

�2 � 0. (46)

12The abuse of notation for � in Eq. (37) should be understood.
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