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Topological something is important
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Vacuum structure of Yang-Mills theory (gluon)
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cf.) Large-N = multi-branch quadratic function structure [Witten ‘80]



Low-energy effective theory: chiral Lagrangian
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Summary of Introduction
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I\/Iethodology: Semiclassics on R? x T2 with ‘t Hooft flux

Main ansatz: adiabatic continuity conjecture

theory on R* x T* with ‘t Hooft  ~ theorv on R
flux (small T2) Y

size of compactified T2

weak coupling ’ want to know

|
“adiabatic continuity” (confinement phase, w/o transition)

‘ Semiclassical calculations at small T? can predict qualitative features

\

.- this method successfully gives a reasonable picture for confining vacuum in SU(N)
YM, SU(N) N=1 SYM, QCD(F), QCD(Sym); QCD(AS), QCD(BF) [Tanizaki-Unsal ‘22 ‘23][Tanizaki-
Hayashi-Watanabe ‘23]. (cf. [Yamazaki-Yonekura ‘17]) This talk: detailed analysis for QCD(F)



Example: Semiclassics on RZ X T2 in SU(N) YM [Tanizaki-Unsal ‘22]

't Hooft flux on TZ (<> Zl[vl] background)

In gauge theory on T2, the field is periodic up to a gauge transformation

g3(x4), ga(x3) (transition function). Without fundamental matter, we can choose

21l

g3(0) g, (L) gl (L)gl(0) = e

We can take g3 = S, g4 = C (shift and clock matrices of SU(N)) up to gauge.

There are some important observations:

1. The center symmetry is preserved at small T?
Classically, P; = Sand P, = C = (tr P;) = (tr P,) = 0.

2. Center vortex / Fractional instantons

If we further compactify R? with ‘t Hooft flux, the minimal topological charge

: 1 82
is Qtop = YRR Qrop = o Sym = Ng? (self-dual solution).

It is numerically confirmed that such a self-dual solution (fractional
instanton/center vortex) exists and will survive in R? X T? as a local solution
[Gonzalez-Arroyo—Montero '98, Montero ‘99].

Xa
ga(x3)

| 93(x4)

»
»

X3

{a(f)xS +L,X4_) :g;ra93 lngg3
a(x,x3,x4 + L) = giag4 1g4dg4

e.g ) N=3
0 1 0 o)
S={0 0 1),C=10 e3s O
4711
1 0 O 0 0 ez



Example: Semiclassics on Rz X T2 In SU(N) YM [Tanizaki-Unsal ‘22]

3. Gapped/heavy gluon { a(® xs + L,x,) = Sta(® x3,%,)S

No gluon constant modes under the twisted boundary condition | a(%,x3,x4 + L) = CTa(¥,x3,x,)C

— gluon acquires O(1/NL) KK mass and is ignored in 2d effective description.
.S icl ics b . ~adjoint higgsing by Polyakov
emicCiassICS Dy center vortices loops Ps, P,: SUN) = Zy

2+l9/N

We write (center-vortex vertex) = Ke Ng with a dimensionful constant K.

Then, the dilute gas approximation yields, (only configurations with Qy,,, € Z are admitted)

Zym = z L s (vke gt ‘%)n ( VKe_I%ZZ_i%)n

n!'n!
n,n =0 N
8> — an E(6)
= z exp|—V | —2Ke NgZ cos v
» K K ,
N semiclassical vacua Energy density of k-th vacuum /
- multibranch structure! k=20

[monopole]



Setup for QCD

* In the presence of fundamental quarks, it is impossible to insert ‘t Hooft flux alone

271

(93(0)g.(L) gl (L)gl(0) = en leads to an inconsistency).
* To avoid this problem, we also introduce baryon magnetic flux simultaneously:

sz dAB —_ 27T Xa
Boundary conditions for quarks (in the gauge g; =S, g, =C): 9a(X3)
(&, x5 +L,x,) = €' WL STY(X, x3, x4) 4—1— 93(x4)
WYX, x3,x4 + L) = CTP(X, x3,x4) R

X3

» At small T?, there is one 2d Dirac “low-energy mode” (< without KK mass) per flavor.
(obtained by solving zeromode equation)

Index theorem “N X sz dA;=1" (UD)p = UQ),/Zy)



Constructing 2d effective theory

Goal: write 2d effective theory from the dilute gas approximation.

For simplicity, let us focus on Ny = 1 case. Invariance under

* Low-energy mode: one 2d Dirac fermion (< compact scalar ) 0->0t+tap->pta

2
SUYiO/N |,

* Center-vortex vertex: Ke Ng e /N7 from U(1) chira] SPUrious symmetry

* Dilute gas approximation

1 _8m” ©—60—2mk
— S|op] =f§|dg0|2—mucosg0 — 2Ke N9° cos N

@ “eats” the vacuum label k and extends its periodicity to ¢ ~ @ + 21N.




Technicality: Zy gauging and vacuum label

+l 6/N

* Problem: Center-vortex vertex: Ke Ng “e~L®/N” |ooks ill-defined/non-genuine.

 Keypoint: residual Zy, gauge after adjoint higgsing by Polyakov loops : SU(N) — Zy.

* The residual Zy gauge is vector-like to fermion 1. It couples to ¢ magnetically
[

27
Integrating out az, = constraint f do € 2nN Z

= It is possible to regard @ € R/2nNZ.

* In the lift from 2m-periodic field to 2w N-periodic field, there is Z) ambiguity: ¢ —
@ + 2mk. This 1-to-N correspondence absorbs the vacuum label k. In summary,

fDaZN Z f = j D(p
g0+27r Q~p+2nN

az, N de

e~ L ?/N hecomes well-defined.



2d version of chiral Lagrangian

* For Nf > 1, we use the non-Abelian bosonization: looks like chiral Lagrangian with n’!

[U € U(Nf) with 2 N-periodic (det U)]
1 _8n?
S[U] = J% |dU|? —mutr (U) —Ke Ng*(det U)YN + c.c. +Si%, [U]

quark-mass deformation Center-vortex-induced n’ mass term WZW-term

(if present) cf,.) “t Hooft-Kobayashi-Maskawa (actually consistent with

vertex vs. log-det vertex flux compactification of
4d chiral Lagrangian)

* The 2d effective theory explains the vacuum structure, just by finding potential minima:

Ny = 1: |m et Ny > 2: |m! el

e, | . | ,




Why n’ periodicity is extended

. . £(6
* Yang-Mills vacuum structure: multi-branch structure ©)

Z),' SPT, labelled by k € Zy Kk)&j
x:

Semiclassics for YM: E,(8) = —2Ke 77 cos (225) (k€ 7 -
emiclassics tor . Ex(0) = —2Ke cos( ~ ) (k € Zy) [monopole]

* ' = pseudo-Nambu-Goldstone boson of chiral U(1) chiral;
From the ABJ anomaly, the shiftn’ —» n’' + 2m correspondsto » 0 +2n o k- k + 1

It is natural that n’ absorbs the vacuum label k € Z, and extends its periodicity to 2 mN.
The periodicity extension = inclusion of YM vacuum label

This improves the consistency with global aspects, e.g.) discrete anomalies.
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Summary
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