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Standard Model of Elementary Particles

three generations of matter interactions / force carriers
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Fermilab Runl result 2021&%%X

a, = (9,—2)/2
a,(FNAL) = 116 592 040 (54) x 10~ (0.46ppm)
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Fermilab Run2&3 results 2023FF%xk
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Standard Model of Elementary Particles
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Penning Trap
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Cyclotron motion
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Young’s-double slit interferometer of light

Qouble slits made of matter Difference in paths makes
an interference pattern

JRFFibEt
> 2#ELRF |0>+ 1>
RF > d(lL—5—)

1EDRF(E.
FEREHETDIREERI-FFE.

Sl E32DDRBERES

Coherent input light beam F



=1

5 F9-2 REREIEFRODIRIK

l I

Mul

| T T
Harvard$25%(2008)

l I
@

——a&— Northwestern2§%(2023)
—e—

smw/a(Rb)(2019)
| | |

1 l
20 40

Esaw/a(Cs)(2018)
60 80 120

100 140

160 180
(ae - 0.001159652180) X 1074

a.(exp) =1159652180.59 (13) x 10712

ac(thamrp)) =1 159652 180.265 (93)(11)(9)[94] x 10712

a

QED hadron total
ac(thy(cs)) =1 159652 181.616 (229)(11)(9)[229] x 1072



[Taall]

QED E|/>Fg-200EHMEE
Q2D = vt o (0 () a0 (0. )

A = AP = 4 AP (3)2 +A® (g)3 1+ A® (9)4 e (9)5 +..

s 7 s 7

AP . —IDEAIBIC LS5, QEDDEIRE T TRE D

EDA—SF —FXTIHEH?
5
(3) — 0.067--- x 10712

T



QED

Ml
|

EFg-2 A

£
2nd

INSDIT7A YR YRZEERED CGHRT D
% ARATAR

1 diagram

" f’”?“‘?z (73 f”“% 7N 50\

7 (b)

dlagrams

7J

FEHTRE

/@\ a2\ 3 A
72d|agrams

yﬁzﬂEnJr%i fi# AT fi%(1996)
L ta-) OWEY T
I('l)
891

[(b) I(C) l(d)

](a) [I(b) n(b)
dlagrammg %g ?g 2? ?m
111

IV(a)

IV(b) IV(c) IV (d)

yﬂﬂ'ﬁn‘l‘ﬁ (FIZARHTAE(2017)



QED

mul
]

5Fg-2 A"

HIEEDH
I(a) 1(b) 1(c) 1(d) I(e)
10th
12672 ;Q’XX%
diagrams I(g) /@(h—)\ /é)\
II(a) II(b) 1I(c) 11(d)

III(a) III(b) HI(c)
N3 6 S
Vv

NI(a)

VI(b) VIO~ V(@) g

VI(H)

~—
Vi@~ VI(h)

VIG)

VIG) VIK)



10t-order calculation A,(19)

12,672 vertex diagrams
Some of them are doubly checked
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I(a) I(b) I(c) I(d) I(e)

f@\ f@\ [@\ [@\ ;f% ‘/Independentcheck

I(g) I(h) 1(3)

on e 2 2N A

1i(a) TI(b) 1I(c) T1(d) Ti(e)

confirms the result

gﬁﬁ% m m m m A Easy extension from

1I(H) II(a) TII(b) T(c)

\ ViGa) VI(b) VI~ VId VIO~
VI V@~ _ VI VI()

VI() VI(k)

the computer programs for
the 8th-order numerical
calculation

6354 vertex diagrams of this type are the hardest ones to evaluate




389 self-energy like diagrams representing 6,354 diagrams in Set V

oo (A D mom A2 AR Lo o9 £ &N 1D AR A A4S D AR
A MRDN (1 oo £DDN AT L ) £ A LD aER G M MR M
oen A B i Lo AR Lo AT Ay Le) [ B FHR M AR M
A 1D [ @ Lo DY LN A fom AN 12N £ BN o A4 N
T N IR iy LD A2 IR Ao AR LD 1D D A AR A [\
AR B B D L A IR a0 £ A LD fom (xR A BN M=
oo AR I O 49 LD L £ A AR m) B [ AR AR M\
L) B N LD Ao 47 L 85 AD Laom) ) 2 EN [ 1R M
00 £ M £on D TN L2 fon) LD (a2 m B &N 1) A 17N
L) @R M 4% LN LR L2 420 A LD o M (N [N AR M\
LB [ D A 4B 4D L doon) A\ [ oK) £ 7S AR A 1N
L) D R AN Ao 4D LA D D [ A A Ao 160 /B [N
o [Em N A LD LB mn £ LD D 74 B 18N M A 1D
A LB M. LD LD XD KD A A LD o) D Lo 1N A M
A [T [ 0 AT o7 o o) AR D KD D LN [N (2R
Loy M2 TN a5 TR R . AD A L) o LD A AN [EN
A [ IR 5 R oy K AN AN LD RN A LN N D
D M\ 1D o IR R £ LD LD L2 LD D 1) S [
A DN M s B Lo KD KD A 45 B A I AR [N
L D\ D s 4D L2 £ A3 A2 Lo o) A fon 4 L2
2 A A o LBy 5 A AT £ 4D A3 ZN 12 AR 1a)
Lo B (B a0 LB [ A2 AR KD L) foan 7 Lo AR 1Im
DN R oo A A IR fom) AR Loz LN B @ LD a8 [EN
LN MR 0 L0 L 8N A AR A Iom A A 1 L I
B IR LD L)) LR 08 AR AR £ LD AR [ 1N A 1)




QED results 1948

NOW

Coefficient Agzn) Value (Error)

A? 0.5

Agz (me/my) 0

Agz (me/mz) 0

Aéz (me/my, me/me) 0

A(4 —0.328 478 965 579 193 - - -

(me/m<)

0.519 738 676 (24) x 106

0.183 790 (25) x 108
0

1.181 241 456 587 -

—N\

/ Uncertainty comes from
muon-electron mass ratio
tau-electron mass ratio

6.737 (159) U f
~0.003 82 (39) ‘; ncertainty comes from

numerical integration

A (g /my) —0.737 394 164 (24) x 10~
AL (my /) —0.658 273 (79) x10~7
A (mo /iy, me /o) 0.1909 (1 )><10 12

A —1.912 245 764 - - -

A® (e /my) 0.916 197 070 (37) x10~3
A®) (m,/my) 0.742 92 (12) x 105
A®) (mo /iy, me /o) 0.746 87 (28) x10~°
AL

Aglo)(mg/m”)

AN (m, fmy) 0(1075)
Aém)(me/my,me/mT) 0(1079)




Higher order QED for electron g-2

10th-order will soon be established

¢ IS the ] 2th-0rdel’ needed? Cvitanovic, Lautrap, Pearson, 1978, PRD
m____n-—“

# of diag. 12,672 202,770 3,602,880

contribution +0.5 -0.33 ... +1.18..  -1.91.. +6.7... -50 ~ +50 ?

Just a guess

6
150 (g) ~ 0.8 x 104
T

5@6 Current experimental uncertainty 13 x 10—14
10-fold improved exp. uncertainty 1.4 x 10_14
—14

20-fold improved o uncertainty 1.1 x 10

The QED 12th-order term must be evaluated.



QED 12t-order g-2 calculation

If two numerical methods, AHKN and Volkov, are
combined,
a numerical estimate of the 12th-order might be possible
« Need sufficient computational resources
GPU clusters
« Need a more reliable numerical integration algorithm

Other dlrectlons: R. Kitano, H. Takaura, S. Hashimoto arXiv:2103.10106, JHEP05,119(2021)
- Lattice QED

6th-order g-2 has been obtained R. Kitano, H. Takaura, arXiv:2210.05569
10th-order g-2 w/o fermion loop
« 8th-order analytic loop calculation program “SYS” by S. Laporta

how many new master integrals agpeatoina ] Q%iandoin ok2tsorders? 232(2017)
Too difficult?



QED muon g-2 12th-order

Leading L7 7X5@E8E? £ TEFDIL—T

Zhpi12th-order DEFE o« 7% In*(m,,/m.) ~ 8000

o Iﬂ’l‘%éﬁi’é’%‘&')f%
muon (%) % 4230 = 0.665 x 10~12 UE, EHTED

“hiEx? o (mu/me)?In(m,/me) ~ 2 x 10°

ingg 2 o (m/me)? = 40,000
s=0
muon = HiEH R
Feynman Vertex [3601& a\© _ —13 .,
51608, 1850513 (3) x17019) =022 3107 um mincEs



Thank you



DiracA#EV & QED SVITPY
Dirac A1 HZWD T—IAREEHNSDESE
(D" —m)Yp(x) =0, D, =09,+1eA,(x)
Dirac AR ZEABENDEBEE LTSRS SIS VI TP VEBE
1 ’ .
EQED = @D(iDM’}/ — m)¢ — ZF;WFMV p TZG’VM
1 EFD1HFICKDEELIRIE %Tq
iM(2m)6(p" — p°) = —ieu(p W ulp) A5 (q), q=p —p

Gordon Decomposition Identity

ot q,

_ _ p'H + pH
u(p" )y u(p) = a(p’) -

2m



FEAEXS SREVIR R

L1 5 y
ot = §[V“77 | DirackETIE 0 = €1 ( %k 0 )
Ok

BF DIEEXTEHEVIERE T i .
iEz‘ijijAgl(Q) =& (—igx AY)

6 —
. r
M — —5—'e - By Y 2RARES
H=—ji.-B NS R PUNBLENE
eh s

He = Je 9m % BFDODgRF (F g=2
e



|l||'

v
(mm

fE=

LR (sm)IBsH

—+—4—+BNL
1t FNAL Run-1
—{—t FNAL Run-2/3
== FNAL Run-1 + Run-2/3

5.20 Lo—

Exp. Average

B & DLER

200 205 2.0 2.

5 20 25

BNLg-2 ——v-@p—

A
{ 42 )
—— E——
Standard Model Experimen t
Avera ge

a,%10° = 1165900 B. Abi et. al.
(2021)

175 180 185 190 195 200 205 210 215

EAFERI(IRAE, 2021)EEBREDE

a, P =116 592 059 (22)x10~11

a;™ =116 591 810 (43)x10~ 11

@, — aSM = 249 (48)x10~11

U
5.20
HLLWWEBENR DM o7 — EEXEZALEL
HRENENELTLDD, D



Atom interferometers

h/m(Rb) 2020, Nature

h/m(Cs) 2018, Science
Morel et al.

Parker et al.

>

Y Y

Positon —m8 —7 M »

Time >

2 hkpk
R o] & = Tr[ANg—2"5

mQs MRb

® =T[8n(n+ N) — dwp)|

Find difference in Raman frequencies wm ot wr s t. ® =0



a DfE: 2014

597 598 599 600 601 602 603 604
T T T T T T T T T T T T
H  10%a«a
[ ® : I, _,,(lo) KR/VN-98
| . | _Avy, LAMPF
——e——  RgNPLsS
——e—i Ry LNE01
P——e— Rg NMI-97
—e— I’_,,(lo) NIST-89
—eo— Ry NIST-97
e h/m(Cs) Stanford-02
[ a. U Washington-87
) h/m(Rb) LKB-11
¢ a. Harvard-08
| l | l | l | [ | [ | l |
597 598 599 600 601 602 603 604

(a~! — 137.03) x 10°

Proton
gyromagnetic ratio

Muonium HFS

uantum Hall R

Cs Interferometer

Rb Interferometer

Electrong-2.



a DfE: 2020

Cs Interferometer

Rb Interferometer

Washington 1987 O {a,
Stanford 2002 - h/m('%3Cs) | o I
§ h/m("Rb
LKB 2011 (Rb) @ | ® | h/m(Rb)
Harvard 2008 | a, @ a, b—@—
RIKEN 2019 ©
h/m('33Cs) |—g@—{
Berkeley 2018 h/m('%°Cs) @ 5 .40
h/m("Rb) @
This work h/m(*'Rb) @ 819 \ qln I q|1 I qlp
T T T T
9 10 11 12

(' — 137.035990) x 106



Ward-Takahashi sum v.s. vertices

AHKN: 389 Ward-Takahashi sums of v-diagrams.
Volkov: 3,213 vertex diagrams.

Mya) My (2)

B e
=

:
9

Ward-Takahashi
Sums used by AHKN

XM % _\% M 2 numerical data
s é v 0
Myp(1) T\ f Myp(2)

Gauge Invariant subsets

N

Every vertices are calculated by Volkov
4 numerical data



Different renormalization scheme

On-shell renormalization constants for a self-energy diagram G:
Lcwy for vertex renormalization
Be  for wave-function renormalization

Volkov used IR-free and Ward-Takahashi identity holds:

BVg+ Y LVgu =0
We used IR free, easy-ztzé-determine, but breaking WT-identity:

2n—1
BKc+ Y LKa + 0
=1

Finite renormalization
Restore the gauge invariance



Connection bw Volkov and AHKN

Volkov AHKN
Q40 = Myq(1) + 2Myq(2) — 2 L2 M> Q4q = Myq — 2 Lo My

4a(1) T 2AMyq2) — 2(L2 — IV2) Mo /}J\@ —2(Ly — LK) My

The same physical contribution, but IR divergent

Numerical and finite numbers

AMyq — (AMyq1) +2AMyq(2)) =2 Loy My

where 0Ly = LVy — LK



New calculation of 0Ly ()

Difference of vertex renormalization constants 5Ln(z-)

numerically calculated for n=2,4,6,8
(#) # of independent diagrams

# of vertex
diagrams

6 (4) 50 (38) 518(269)

%l g Lo

269 x 1 hour x 40 core ~ 10,000 core x hours
very small calculation compared to the 10th-order g-2

A. Hirayama, JPS 2021 spring meeting



X001 as an example et

A M x001 AMxoo1(i) = AMs (—3(0La1)* — 60L26Les1 + 12(6L2)*6 Lag
i=1
+ AMo; (26L5) Symbolic expression
Numerical + AMgy (26Laa1 — 3(8L2)?)
integrals + AMyy (26Lgf1 — 60Lo6Laq1 + 4(6L2)%)
L.h.s = — 0.16083 (334) — 0.58095 (534)
= —0.74178 (630)
r.h.s — —0.73854 . .. Substitute numerical values
Lhs — rhs =— 0.00324 (630) for lower-order symbols

A. Hirayama, JPS 2021 spring meeting

X001 safely pass the numerical check.



Two results of A,(19[Set V]

AHKN (2018) 7.668 (159)
Volkov  (2019) 6.793 (90)
diff. 0.875 (183)

4.80 tension!

Is a meaningful difference?
5%
0.875 <9> — 0.059 x 10~ 12

/s

The uncertainty of the current experiment:

da.(NW) = 0.13 x 10~



Test of the 10t"-order Set V

All WT-sums, X001 - X389, safely passed the test

Numerical evaluation of each WT-sum of diagrams
are consistent between AHKN and Volkov
« No analytic error in either AHKN or Volkov

Why does the difference arise?

« When the many integrals are summed, hidden bias in numerical

integration shows up i
sum over 389 integrals for AHKN BRI OFTASTE D

3,213 integrals for Volkov BEHTTR DT, FEL)
« Deeper investigation of numerical integration is in progress



