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a, \DFS 14
R.Aliberti et. al. [arXiv:2505.21476v2]
QED electroweak HVP HLbL
hadronic vacuum hadronic
polarization light by light
leading order
diagram
x 14 a / Lf) > >'l—1
aux1010 11,658,471.88(2) 15.44(4) 704.5(6.1) 11.55(99)
H5 [%] 0.000132 0.00604 0.0000991
R (%] 0.00105 0.00419 2.57
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experiment
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R.L. Workman et. al. [PDG (2022)]
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time-momentum representation _ _
lattice analytically known

a VPO — 4(12me dr 13 G(r) Kg(7)
0

U
Euclidean lattice correlation function - —
025 T3 G KE X 1010
6@ = [ dx (g™ 0™ ©) 020
0.15- long tail in
o™ = Py, HVP in g — 2 |
" 0.101 finite volume
0.05- effects
O \ 0.001 . | | | | .
1/3 ‘ 0 1 2 3 4 5



analytic continuation

equivalent?

aEVP’LO = 4a’my, j dr 3G (1) Kg(7) a}f VPLO _ (g) f ds R(s) K(s)
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analytic continuation 20

equivalent? time-like variable
S S S
lattice correlator _q>®
G(7) = (ji" (x) j5™(0)) Minkowski:
F.T. 2 _ 2 =2
— Huv(Q) = (Qu0Qv — 5qu2)H(Q2) q (q0)"—q
Euclid:
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VPO 2 qg = —(q0)" —q" = —Q° <0
dQ [1(0°) = T(0)] Ke(0°) corresponds to

the space-like region
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equivalent? time-like variable
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construction of G(7, L) 23

Euclidean correlator

G(x) = f dx? (0[je™(z, 7 ) je™(0)]0)

assumption:

only rtmt for the intermediate states (no nm with n > 3)
T

W@V~ W

finite V correlator

G(r,L) = ) e Frnnt |(0]je™ |, n)y |

n Luscher Lellouch-Luscher
formalism formula



LﬁSCher fOrmaIism fOr 1D QM M. Liischer [Nucl. Phys. B. 354 (1991)] )]24

M. Lischer [Commun. Math. Phys. 364 (1991

wavefunction : A :

W(x) ~ e~ klxl 4 ¢2i8(k) iklx | :

(k =+2mE , §(k): phase shift ) | :
: S
ac —L/2'" —R/2 ' R/2 VL2

Yx—L/2)=yx+L/2)
) 2
£ 2i8(K) ikl — 1 freer §(k)=0=k = %

26(k) + kL = 2nm meZ) int: 5(k)¢0=>k=27"(n+...)



Luscher formalism for QFT M. Liischer [Nucl. Phys. B. 354 (1991)] 25

M. Lischer [Commun. Math. Phys. 364 (1991)]

guantization condition le.g. L =6.0fm IV
6(k) + ¢(q) = mm men) " -
6 | P
tan () = — 2 -= -
an ¢la) = Zoo(q?) 172 am 2l
c.f. 1D QM T :
25(k) + kL = 2nt~ (nez) 0 ¥ 5 1

our method:

assume & (k) for mm scattering (GS model) > find the solutions g*
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figures from: SI, H. Fukaya, S.Hashimoto [PRD 111 (2025)]
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construction of G(t, L)

our assumptions
- only T for the intermediate states (no nm with n > 3)

- the Gounarls-sakurai mOdE| G.J. Gounaris, J.J. Sakurai [PRL 21 (1968)]

G(r,L) = ) e Pt |(0]jg™ |, n)y |

n \
Liischer formalism Lellouch-Liischer formula

M. Lischer [Nucl. Phys. B. 354 (1991)]
M. Lischer [Commun. Math. Phys. 364 (1991)]

$(q) + 89 (k) = nn [FSS (B2 m)|”
k = 21q/L = Enpp = 2,/m2 + k? o [q@"(q) + k855 (k)] [{OLjE™ |, m)y |2

H. B. Meyer [PRL 107 (2011)]




FVE on G(t, L) AG(7,L) = G(r,L) = G(r,») 29

—AG(T, L) L [fm]
— = ’
T=3.5fm L= 6fm: . 4 6 8 10 12
AG(T.L) ( 4ntt ) 50 ' ' ' ' E—
— T, ~ 10 8 7 éfm 5
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o . 40 — "
finite-volume: o
—E T -em 2 301 =™
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n 20 - | 101
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FVEon G(z,L)

T = L/4 fm:

—AG(1,L) ~ e~ ™Mnl

finite-volume:

G(r,L) = 2 e~ErnnT |(0]j€M|mm, n)y |2

n

infinite-volume:

G(t,00) = j dE E? p(E%) e~ kT
0

(E%) = - 1
P 4872

2
T

EZ

3/2
) |F7TGS(E2)|2

AG(t,L) = G(t,L) — G(t, ) 30
~AG(r, L) L [fm]
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anomalous magnetic moment 31

S , T, 3 N a‘I;IVP'LO X 1 010
a, (L) = 4a mujo dt t°G (7, L)Kg(7) £00.
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figure from: S, H. Fukaya, S.Hashimoto [PRD 111 (2025)]



finite volume effects B AGAET Rl (ARl CYRC))

HVP,LO 2 e 3 % 60 —AaE X101
a, (L) = 4a mujo dt t°G (7, L)Kg(7) 5 100
50 - ° T = 2.0 fm
. i T. = 1.0 fm
finite-volume: 40 )
Gy =) eFmnt Ol lmmmyyl? 30| . . 020
Hansen-Patella (2020
" 20 - ‘3/ Hansen-Patella (2019)
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figure from: S, H. Fukaya, S.Hashimoto [PRD 111 (2025)]



finite volume effects BRI AET Rl (A Rt CIMCE

c.f.) non-interacting, m,;7 > 1
AG(t, L)
z ; myL?|n|? m,L?|n|?
D —_— —
2T P 4t
n+0
A. Francis et. al. [PRD 88 (2013)]

)oY 1]

om,

= (3 + 2m,;

our work

* large mL? /4t

strong exponential suppression
* not very large mL* /4t
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figure from: S, H. Fukaya, S.Hashimoto [PRD 111 (2025)]
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* The two-point function of EM currents has been constructed,

assuming only mm and the Gounaris-Sakurai model.

HVP, LO
H

A complicated dependence on L appears.

 Our estimation of Aa agrees with Hansen-Patella (2020).

 Our method gives a cross-check to LQCD calculation even for large

volumes or heavier m,.



