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Fig. 3: (Color online) The power-law dependence of the PES
spectral function shown in fig. 2 on the binding energy (a) and
temperature (b).
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What is a magnetic monopole?

In our world, every magnetic object is paired N and S poles.

Figure from sozai-library.com

But magnetic monopoles naturally
appear in grand-unified theory (or low
energy limit of string theory ).

They are stable but extremely sparse
because they were created only before
the inflation of the universe.



What will happen to monopole in topological insulator?

N
e/2

Witten effect [1979]: magnetic monopole inside topological insulator
(6=mt vacuum) will become a dyon with 1 / 2 of unit electric charge.

What is the microscopic mechanism ?
We find that curved domain-wall fermion can describe it.

[Cf. Recent works: Hidaka et al. 2020,2021, Fukuda-Yonekura 2021,,,]



Topology change by magnetic fields

Topological phase can change by
magnetic field in quantum Hall systems.

O

If the monopole

has strong enough
magnetic field,

it may create a
small trivial phase
region + curved
domain-wall

energy

IRILF—

From webpage of Hatugai lab, U.
Tsukuba
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Numerical analysis on a 3D flat lattice

We consider 3D Dirac Hamiltonian

with spherical domain-wall.

L=24,32, 48 lattices
Domain-wall radius r0=(3/8)L
Monopole put at (L/2,L/2,L/2)
Anti-monopole at (L/2,L/2,1/2)
m(r<r0) = -14/(L+1)

m(r>r0) = +14/(L+1)

Open boundary condition at

X; =0 or L (m=co outside)
Monopole charge n=0,1,-2

y 2

\/

D




¢O(w)T - Zi:1,2,3 %V{Vf +m| ¢o(x)

Additive mass renormalization
at z=(L+1)/2 slice

bo(x)Tdo(x)

E= —0.001017, chirality=0.007892

A small spherical domain-wall is created near the
monopole, which may capture electrons.



Near-zero eigenvalues/functions

n : monopole charge

Monopole charge n=1.
We can see two
zero modes

while the continuum

ET’()

prediction at outside

surface is only one.
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Near-zero eigenvalues/functions

E= —0.001017, chirality=0.007892 1.00 n=1 1.00
. lattice (N2 gg) S
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3 St
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The zero modes at outer surface and near monopole appear in pairs and mix by
tunneling effect.
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Near-zero eigenvalues/functions

o n —_ — 2
: monopole charge — —==——— 100
mro o lattice (N=32) X0
401 x  continuum on DW X008 075
0.50
n=-2 50 M
' L 0.25
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We have four zero ] £
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The zero modes at outer surface and near monopole appear in pairs and mix by

tunneling effect.



Gravity of the S? domain-wall

A magnetic monopole locally gives a positive mass shift to turn its
neighbor into a normal insulator.

E= —0.001017, chirality=0.007892 1.00

20

Curvature is so strong that only zero modes are captured: -1
V(i +1/2) —n?/4 - _
L~ e is too big unless J + 1/2 _ ‘TL|/2

n : monopole charge



Atiyah-Singer on the S? domain-wall

D X js0(0,0) =0 for j=|2]—1/2

The degeneracy is 2j+1 = |n]|.
The 2-dim chirality is OrXj,js,0(0, @) = sign(n)x;,js,0(6, ®)

2 IndDS =n n : monopole charge
1 2 . v 1 2
Geometrical indexis 7 — d“ce"'F,, = — | d°zB-n=n.
T Jg2 21 g2

Namely, the zero modes on the domain-wall around the monopole
are topologically protected by the Atiyah-Singer index theorem.



Mixing with surface zero modes makes
the amplitude around monopole ~ 1/2

Cumulative distribution
5 , Saturates to 1/2
Ci(r) = /| @%@ undlr~ 0810
x| <r
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This explains why the electric charge is fractional.



Re-interpretation of the effective theory

Original description by Witten
0 0qm

0 N
we — 75 FHv — 3yV-E = —— 3y V.-B ="
o.F 32 o F e / d°zV = d°xV 5

Our reinterpretation : monopole makes a defect of the 6 term.

1 ~ 3 1 3
,LLV /,LV —_ . P .
o FH = _—87r28“ [Q(T)F } Qe = /d AVARS D e d’xVo(r)- B
1 3 HQm
——4—2 d .T7T5(T—T1>€T'B— 2

The result is the same!
But our case does not require a true monopole with V- B # 0



Comment on Monopole-massless electron scattering

[Callan 1982, Rubakov 1982]
Our observation indicates

E= —0.001017, chirality=0.007892

that monopole makes

electrons effectively very massive.

For codimension-one defect, there is no
local boundary condition which can
keep chiral symmetry.

It may be just impossible to keep electrons massless 7 = % 5 %~

in the presence of the magnetic monopole.
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Take-home message

In mathematics, there have been two surprises about “curvature”:

1. Gauss’s Theorema Egregium [1827] : Gauss curvature can be
written by intrinsic quantities only.

2. Nash’s embedding theorem [1956] : Any intrinsic curvature can
be described by an extrinsic flat space.

In physics, we have been surprised only once by
1. Einstein’s general relativity, which requires only intrinsic metric.

Why don’t we have a 2" surprise?



Creation/annihilation of the domain-walls

So far, we only quantized fermion and treated the gravity and
gauge fields as background.

However, we have seen
1) creation/ annihilation of DW is automatically implemented,

2) metric — U(1) gauge interaction is encoded as the effective
interaction through the Wilson term.



Fluctuation of the domain-walls

Let us move the magnetic flux attached to the
domain-wall -> domain-wall shape changes.
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Quantum gravity? H;ag(z

i=1,2

If we treat the sign of massterm € asa
dynamical variable (like Ising spin) and perform
a path integral,

Z= Y det(H(e))exp(~Sins(c)
e(x)==*1

The effective theory may be “some” quantum
gravity described by the induced spin connections
(metric and vielbein are effective fields).



Lattice regularization of higher
dim. Euclidean space as gravity

IIIII

Nash’s theorem “tells” any gravitational field can
be described in a flat Euclidean space.

1. Prepare a higher dim. square lattice.
2. Put the target curved manifold as domain-walls and constrain fields on it.
3. Fluctuate the submanifold quantum mechanically with a Boltzmann weight

of the Einstein Hilbert action.
. Then the effective theory may describe quantum gravity.



Grand Unification?

Higher dim. Euclidean square lattice theory

!

QCD and Electro-Weak + domain-wall source (axion?)

Hadron physics Gravity

The effective theories of hadrons and
gravity do not need to be renormalizable.



Appendix : insensitivity to extrinsic curvature

; 1 t
1) = exp _—M‘t’ {1 + m . dt/trwt(yvt/)}] v+ @ x(y)

= exp _—/0 dt’ {Msgn(t/) — trwt(y, t/)}] vy & X(y)

1/M t
— exp —/0 dt’ { Msgn(t') — trwt(y,t’)}] exp [— /1/M dt’ { Msgn(t') — trw; (y,t)} | vo @ x(y)

N — \Q J
Ve Vv

=:exrpi =l€Tp2

a1 = O(1/M) S
3 Derivative in y direction
a—yjewpzlm/M = O(1/M), BE) s insensitive to the extrinsic
9 curvature.

a—yjexp2|t>1/M = O(exp(—M|t|))



