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Two questions

1. What is RG for generic systems?

Wilsonian RG:
continuum, infinite dim., momemtum=energy

Real-space RG:

spatially extended, no infinitesimal flow,
mostly numerical

GGeneric scheme?

e analytically tractable
e« computable

o discrete/continuous
e finite/infinite dims
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Two questions

2. Universal RG monotone?

c-theorem:

limited to 2d, extension to higher dim
IS subtle

Entropic c-function and Wilsonian
cutoff?
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Two questions

1. What is RG for generic systems? 2. Universal RG monotone?
Wilsonian RG: c-theorem:

continuum, infinite dim., momemtum=energy  |imjted to 2d, extension to higher dim
Real-space RG: s subtle

fnp(?;i[i%;ﬁgﬁg;d’ no infinitesimal flow, Eggg?cfgic c-function and Wilsonian

GGeneric scheme?

e analytically tractable
e« computable

o discrete/continuous
e finite/infinite dims
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This talk: Quantum informational and algebraic
reformulation of Wilsonian RG

Informational RG (IRG) Algebraic RG (ARG)

 Coarse graining as partial trace * Constructing Wilsonian low/high-
energy algebra from one-particle

* Rescaling as a product of isometries operators

v Explicit Kraus operator realization  Rescaling as one-particle isometry

(Haar random unitary/basis scrambling)
 RG as conditional expectation
@ Tensor factorization assumed
v No factorization assumed
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This talk: Quantum informational and algebraic
reformulation of Wilsonian RG

Informational RG (IRG) Algebraic RG (ARG)

 Coarse graining as partial trace * Constructing Wilsonian low/high-
energy algebra from one-particle

* Rescaling as a product of isometries operators

v Explicit Kraus operator realization  Rescaling as one-particle isometry

(Haar random unitary/basis scrambling)
 RG as conditional expectation
@ Tensor factorization assumed
v No factorization assumed

© Resource-theoretic formulation leads to a rigorous RG monotone!

© Explicit relation between QI metric and Zamolodchikov metric/central charge!
© Holographic calculation!

52 /85



Recap: Wilsonian RG (WRG)

ZA p— [@¢< J@¢> e_SA[§b<v §b>] — J'@¢< e_S//\(s)[ﬁb<]

Integrating out high-
momentum modes

b = &(p > e "N\)
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Recap: Wilsonian RG (WRG)

ZA — [@¢<J@¢> e_SA[§b<v o] — J'QZ¢< e_S//\(s)[gb<] — J9¢’Q_Sg)[¢/]

Integrating out high- Rescale each mode

momentum modes O'(p'=e’p < A)
d. = P(p > e™*A) =@ (p < eA)
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Recap: Wilsonian RG (WRG)

ZA — [@¢<J@¢> e_SA[§b<v o] — J'@¢< e_S//\(s)[gb<] — J@¢,6_Sg)[¢/]

Integrating out high- Rescale each mode
momentum modes O'(p'=e’p < A)
¢s = P(p 2 e A\) =@ (p < eA)

= This iterative, infinitesimal procedure defines the effective action S/(\S)[qb]
at each renormalization scale s
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Rescaling A

—— ~ # of modes
Ap

) Rescaling is a mere relabeling? Consider a discrete system

p(py = 0) ¢(p; = Ap) $(p, =24p = A)

57/85



Rescaling A

—— ~ # of modes
Ap

) Rescaling is a mere relabeling? Consider a discrete system

p(py = 0) ¢(p, = Ap) ¢(p, = 24p = A)
integrating outJd¢(p2) j \ilnfinie’céii/rcal RG?. —
= ] ‘infinitesimal’

Ap  Ap

p(py = 0) p(py = Ap = e"A\)
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Rescaling A

—— ~ # of modes
Ap

) Rescaling is a mere relabeling? Consider a discrete system

¢(py = 0) ¢(p; = Ap) ¢(p, = 24p = A)
integrating outJd¢(p2) j
¢(py = 0) ¢(py = Ap = e ")
relabel p — p’ = e’p j

d(py = 0) ¢(p, = 24p = A)
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Rescaling A

—— ~ # of modes
Ap

) Rescaling is a mere relabeling? Consider a discrete system

p(py = 0) ¢(p; = Ap) $(p, =24p = A)

Dimensions disagree!

Cannot compare two on the same ground!

d(py = 0) ¢(p, = 24p = A)
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Rescaling A

—— ~ # of modes
Ap

) Rescaling is a mere relabeling? Consider a discrete system

p(py = 0) ¢(p; = Ap) $(p, =24p = A)

Dimensions disagree!
Cannot compare two on the same ground!

— We need an interpolation!

d(py = 0) ¢(p, = Ap) ¢(p, = 24p = A)
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Recap: Wilsonian RG

ZA — [@¢<J@¢> e_SA[¢<v o] — J'@¢< e_S/,\(s)[gb<] N [@¢’3_Sg)[¢/]

Integrating out high- Relabel each mode Resample to bring back to

momentum modes d'(p;=e’p; < N) the original dimensions

by = P(p; > e N) = p_(p, < e—A) (B PPYL, = (0PI,
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy a
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy a
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy low p a
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy low p a

We first need to define “low/high energy”... What does it mean??
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Algebraic RG (ARG)

We should distinguish two notions of energy:

» Total energy: £ = J o
p

*| Modewise energy = one-particle energy w, « ‘energy’ in Wilsonian RG

Collective excitations can carry a large amount of energy but this is not a UV
phenomenon, e.g. electromagnetism
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Algebraic RG (ARG) In free theory

1. Choose ‘particle’ excitations S;, = {1} U {0;}; = 7"| = span{S, } a

s.t. they are separating on | Q)
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Algebraic RG (ARG) In free theory

. Choose ‘particle’ excitations S, = {1} U {O;}; = 7'| = span{S, } a’
s.t. they are separating on | Q)

. Define one-particle (1p) Hilbert space #| = span{O|Q) |0 € 7'}
and the one-particle projector P\ # = #, Py = 2 [p){P
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Algebraic RG (ARG) In free theory

. Choose ‘particle’ excitations S, = {1} U {O;}; = 7'| = span{S, } a

s.t. they are separating on | Q)

o . . B {a)|Q) =|p)},
. Define one-particle (1p) Hilbert space #| = span{O|Q) |0 € 7'}

and the one-particle projector P\ # = ¥, P, = 2 254

. Construct 1p Hamiltonian H; = P HP, = Z e €)(&| Z P

j 2
p
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Algebraic RG (ARG)

In free theory

1. Choose ‘particle’ excitations S, = {1} U {O;}; = 7'| = span{S, } a)
s.t. they are separating on | Q)
. . . B {a)|Q) =|p)},
2. Define one-particle (1p) Hilbert space #; = span{O|Q) |0 € 7'}
and the one-particle projector P,Z = # Py = 2 PP
P
3. Construct 1p Hamiltonian H; = P,HP; = Z e | e )] Z 5Dy D) p|
; 2
4. Low-E 1p projection to construct low-E 1p Hilbert space Py = Z y214
P1,L=Z\5i><5i\:>7/1,L=P1,L7/1 p=h
g%f;/\ yl? :S; 1“‘) = ézggl,l)
_ T
— Low-E 1p generators 7", ;, = {0 € 7 |0|Q) € #',;} A A
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Algebraic RG (ARG) In free theory

6. Rescale each generator via isometry

%I,L — WWLLWT’ W= Z ( Z &, )(8 | W=J [p)<e~p]

aeB p

with {1,.. d’}—|_|Bl, m, := | B;|, Zm,:d'
=1
where d’ = dim ?’/1, d=dm#Z ;
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Algebraic RG (ARG) In free theory

6. Rescale each generator via isometry

%I,L — WWLLWT’ W = Z ( Z |8 )(8 | W=J |p){ep]

aeB P
d
with {1,....d"} =| |B, m;:=|B,]. Zm,._d'
=1 =1
whered'=dim#Z,, d=dm#

/. Take double commutant to define the low-energy algebra
A=V V7)) O.®1, ed
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Algebraic RG (ARG)

In free theory

6. Rescale each generator via isometry

7= W W W= Z( i el W= Ipep

aeB P
d
with {1,....d"} =| |B, m;:=|B,]. Zm,._d'
=1 =1
whered'=dim#Z,, d=dm#

. Take double commutant to define the low-energy algebra
A=V V7)) O.®1, ed

. The high-energy algebra is its relative commutant

1
dy=d,nd <®0. €y
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Algebraic RG (ARG)

Y Infinitesimal RG(N - N—-1 - N — --.) as a single-site isometry (spontaneously
breaking translational invariance in energy spectrum).

v Applicable to any systems

e No tensor factorization assumed. Not Iimited to oo dim or continuum.

* Definition of ‘particle’ can be arbitrary. e.g. single-site Pauli op.

« ‘Hamiltonian’ need not be a physical one. e.g. v H? — P? (Lorentz invariant)
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IJ N e EE‘A Chitambar-Gour, Rev. Mod.
/ ZE nfd Phys. 91, 025001 (2019)

HHIARE F HHEE O &R % OIREE
JOX MG L THETES HIF T CRFS N HIRME FOAEIFT T
9 : separable states, Gibbs # : LOCC, thermal operations % : Bell pair, IEF#IKRE
state
o=k )Y —RBIE
peEF, £c0 = E(p) € F R(p) = minser D(p| o),  R(E(p)) < R(p)
free operation | &R 2 /EAN 745 LY, free set ~® contractive 75 5FEE = £/ F—

T. Mori & T. Nagasawa - arXiv:2609.30362



<O ZHEFD)Y —RIEH
1)y —XIB:H :
HIf RS NICIRIEDT. EDLSTIRENUY =X ERBZDH. MRWICINS T L —LT—7

RG IRTvT7%Z26ETD) Tk, ERRRE FEUTEERDIRRE (F(p) =p e F) ZH S,

25C VY —RAFIRER (RDM) A ZLLFD KD ICEERT D,

« A(F)=% HEHBRREREBZE=NGYY —XZFLEW)
s Alp) € F, Vp (ARETDVY—XZWIET 3)
CNIEWDEERET D EIFRS AWV, RGDIFE. REEYHE (F Y OMEER)

~EIT X)L F—1RE

TE5Z 5N, HHBEZALTREEDE LTEES NS,
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<O ZHEED )Y —RAE R

CDEZE. E

IREE T C

)Y =X R &

(B DR

-(DEIEER)

R(F)=07T. E
SHELERVWTEETES |

BR{ED T TEER 0 < %(g(p)) < @(,0), Vp 7N

R (€(p)) =D (Z(p)A-Z(p)) T D (S~ A(p)) <D (pllAlp)) = R(p)

RDM

!
DPI

BIREIEHRBIICRIAESNTLS KARELAE !
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RGUY—XAE/;—2=RGE/ b—

ETLXILF— (R) BERp, AD TERAISHIET
[E#ETE (Bogoliubov-Kubo-MoristE) y;; & A7 —JL s DFILE
wODIFBIENTES |

p & LTGibbsiAREZ &5 &,

=[] c(s) Z

LLIJ JI

o 8
Xij09 097 Xij 25/ dT/ d*'xd* "y (Oi(1,%x) 05(0,y)) s.c
0 >
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RGUY—AE/h—

=RGE/ b—

ETLXILF— (R) BERp, AD TERAISHIET

[F¥ET=E (Bogoliubov-Kubo-MoristE) y; & AT —JL s DFLER c(s) &
EODFBceENTES !

p & LUTGibbsiAREZ &5 &

%EJTZ'fKRG@éVTj]_ﬁ ﬁ —_ 0)5g (l:\ CH:II dc Zamﬁ 6] Zamdg dgj%:’% \J\—C‘
S

_K:g’l,j — /{gzg

ds ds

Xij = Cig ij 82 /85



HRILE/ b—>

e Y —ZEHDE/ MN—2VIZIRDSDIEBD L SHDHD

« KDDICUVHSDEEEE (ENFEITBRZIETIED) TEZATH. RG
trajectory FOE/ h—2% B TE S

o ZUNMNZTHIFELFEHOMEEHISE/ —rEBTIyMAOE—TTEELL

e L7 7 LYRARREoyyDHREICZT D&, UV—IRBEBHREL 65

D(pllp; ® py) = I(L : H) = S(py) + S(pg) — S(prr)
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MAY7274Y 7G58

 AdS/CFT identifies the radial direction as energy scale.
* The subalgebra associated to a bulk subregion = low/high-energy algebra

» Algebraic relative entropy resource of coarse graining can be computed by
Ryu-Takayanagi formula:
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QUANTUM INFORMATION - LU & T®

Quantum Resource Theory

XX TTZEHZLE| 2ROBDE, | BEELRHD] HEAICET 5,
s TIREOMEARX., TXRILF—mD L D IZTK D BFEH .

AV _



01 BHEAKRTERSD

HEDER
£ - BAPT
———
= BB

AJEE : BR A HE L THE

BHE

=B 2 B L) H

HIR1EFE T

—_—_— e -
FREHHL

AAgE : BEIRIZED o FNE Ly,

SEFNDEIR (fl : entanglement)

m teleportation O O
—_—
Bell pair = LOCC separable

AJEE : 1 ebit ZHE L T 1 qubit 2 1R[EERIX,

¢t m=== \

LOCC 71} : |

O O 1 @\
SR .. |

separable EF@EELL : Bell pair :
| S J

A~AJEE : LOCC Tlf entanglement Z{E4L7a Ly,



02 IBiGxERDB 3 DDEFH

FREE STATES

XX THETZ %1K5E

WD THIFERTITFICABINEE,
HETcWzIiL [ZZodE M| k] .

5] : separable states, Gibbs state

FREE OPERATIONS

XX TRERITTE B1RE

SEREY - MENRFIND oS ND

quantum channel &4, [{£5
|

AP IS,

] : LOCC, thermal operations

RESOURCE STATES

ZnLn = gk

FOMNCHBHIRRE, BET HZ & T
= %Wtffif%@bﬁx7

75\7 AN

51 : Bell pair, IFFHRIRAE



THE GOLDEN RULE

pEF, A€e0 = A(p)EF

1E{E L free state % free state (CBE T,
L7=H7"> T
HHZEFEZITTRERZEALEL L,
ZD—ITHEmRERDBIRICE b,




03 WAUWLAZL resource theory

'.i.

Entanglement

Coherence

Thermodynamics
(athermality)

Magic
(non-stabilizerness)

Free states

separable states

ail

incoherent states (&

HEETHNA)

Gibbs state y

stabilizer states

Free operations

LOCC

incoherent operations

thermal operations

Clifford operations

KRB LEEIR

Bell pair (ebit)

JEFEIARE

magic state |T)

fAIIcfEZR 5D

teleportation, & 7
[IRPES

—aETHl, F 700
) X L

work extraction

universal w8 FEtE



04 BRED [7ZE]| =ll%

Resource monotone RREZ D] Ly
< — ?
M(A(p)) = M(p) (A€O0) p —, 0 :
HHBIEFCRL TEBRAAWE, BHD [HREX—X—] (C HARR{ET o & 0 ICEHETE SH, monotone A—D T
EE ISR HIE X 57 HANAIBE,
#91 : relative entropy of resource % 1 B —1RER TlZ distillation / dilution @ rate AE&JED |

AEL—N 525,
Dy(p) = min,y, S(p || 0)

o HR (BHRE) 2RDD - BEEHVREDS - BROEBLEEELZRS

=% . Chitambar & Gour, Rev. Mod. Phys. 91, 025001 (2019)
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Informational RG (IRG)

Why quantum information? ... It provides a universal formulation!
* To extend WRG to discrete and/or finite systems
* Jo formulate RG monotones systematically

e Just for fun!
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Informational RG (IRG)

[Costa-Brink-Nogueira-Klein ’22, '23] reformulated the WRG as

» Partial trace = integrating out: Ir_ = [@¢>

» Unitary = basis transformation = relabeling: U, = J@gb | d(p)Y(p(e™p) |
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Informational RG (IRG)

[Costa-Brink-Nogueira-Klein ’22, '23] reformulated the WRG as

» Partial trace = integrating out: Ir_ = JQZ¢>

» Unitary = basis transformation = relabeling: U, = J@gb | d(p)Y(p(e™p) |

However, It Is not clear how to extend to more generic systems...
) What do we integrate out?
) Rescaling is not implemented unitary?

) Infinitesimal RG (— flow eq.)?

96 /85



Recap: Wilsonian RG

ZA — [@¢<J@¢> e_SA[¢<v o] — J'@¢< e_S/,\(s)[gb<] N [@¢’3_Sg)[¢/]

Integrating out high- Relabel each mode Resample to bring back to

momentum modes d'(p;=e’p; < N) the original dimensions

by = P(p; > e N) = p_(p, < e—A) (B PPYL, = (0PI,

97 /85



Algebraic RG (ARG)

v RG is realized as a conditional expectation on &, .

v Works with finite-dimensional, discrete systems.

v Infinitesimal RG as a single-site isometry (spontaneously breaking translational invariance in
energy spectrum).

v Approximate uniform rescaling is characterized by the Kullback-Leibler divergence. In
thermodynamic limit, this gives the dilation w'(e ~*p) = e*“yw(p).

v  Averaging over isometric configurations recovers uniform rescaling.

v Applicable to any systems

e No tensor factorization assumed. Not limited to co dim or continuum.

* Definition of ‘particle’ can be arbitrary. e.g. single-site Pauli op.

+ ‘Hamiltonian’ need not be a physical one. e.g. VVH? — P2 (Lorentz invariant) oa e



T ERDRICKTT S D IHEFEZDHRE

1. What is RG for generic systems? 2. Universal RG monotone?
Wilsonian RG: c-theorem:

continuum, infinite dim., momemtum=energy  |imjted to 2d, extension to higher dim
Real-space RG: s subtle

fnp(?;i[i%;ﬁgﬁg;d’ no infinitesimal flow, Eggg?cfgic c-function and Wilsonian

GGeneric scheme?

e analytically tractable
e« computable

o discrete/continuous
e finite/infinite dims
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This talk: Quantum informational and algebraic
reformulation of Wilsonian RG

Informational RG (IRG) Algebraic RG (ARG)

 Coarse graining as partial trace * Constructing Wilsonian low/high-
energy algebra from one-particle

* Rescaling as a product of isometries operators

v Explicit Kraus operator realization  Rescaling as one-particle isometry

(Haar random unitary/basis scrambling)
 RG as conditional expectation
@ Tensor factorization assumed
v No factorization assumed
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This talk: Quantum informational and algebraic
reformulation of Wilsonian RG

Informational RG (IRG) Algebraic RG (ARG)

 Coarse graining as partial trace * Constructing Wilsonian low/high-
energy algebra from one-particle

* Rescaling as a product of isometries operators

v Explicit Kraus operator realization  Rescaling as one-particle isometry

(Haar random unitary/basis scrambling)
 RG as conditional expectation
@ Tensor factorization assumed
v No factorization assumed

© Resource-theoretic formulation leads to a rigorous RG monotone!

© Explicit relation between QI metric and Zamolodchikov metric/central charge!
© Holographic calculation!

101/85



Recap: Wilsonian RG (WRG)

ZA p— [@¢< J@¢> e_SA[§b<v §b>] — J'@¢< e_S//\(s)[ﬁb<]

Integrating out high-
momentum modes

b = &(p > e "N\)
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Recap: Wilsonian RG (WRG)

ZA — [@¢<J@¢> e_SA[§b<v o] — J'QZ¢< e_S//\(s)[gb<] — J9¢’Q_Sg)[¢/]

Integrating out high- Rescale each mode

momentum modes O'(p'=e’p < A)
d. = P(p > e™*A) =@ (p < eA)
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Recap: Wilsonian RG (WRG)

ZA — [@¢<J@¢> e_SA[§b<v o] — J'@¢< e_S//\(s)[gb<] — J@¢,6_Sg)[¢/]

Integrating out high- Rescale each mode
momentum modes O'(p'=e’p < A)
¢s = P(p 2 e A\) =@ (p < eA)

= This iterative, infinitesimal procedure defines the effective action S/(\S)[qb]
at each renormalization scale s
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Informational RG (IRG)

) What do we integrate out?

Intuition: Coarse graining = scramble high-energy modes
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Informational RG (IRG)

) What do we integrate out?

Intuition: Coarse graining = scramble high-energy modes

= (6) (0) T — agcgese;—Wirm -Nogueira-
Yes! %(p) T J'dU> KU pKU o (Tr>p) ® 0> E(?eint’zg, ’ZE]N )

K =1/d. (1. ® \/§><1< ® %)

high-E scrambling
reference state high-E modes

106/85



Informational RG (IRG) A

—— ~ # of modes
Ap

) Rescaling is a mere relabeling? Consider a discrete system

p(py = 0) ¢(p; = Ap) $(p, =24p = A)

Dimensions disagree!
Cannot compare two on the same ground!

— We need an interpolation!

d(py = 0) ¢(p, = Ap) ¢(p, = 24p = A)
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Rescaling as isometry

For rescaling, it must

* map from a smaller dimension (#modes = NV ) to a larger dimension (;

tmodes = M )

* only use the coarse-grained information (unless you have a prior info)

= preserving the coarse-grained observables

* does not mix UV and IR; sufficiently local in momentum space

108/85



Rescaling as isometry

For rescaling, it must

* map from a smaller dimension (#modes = /V ) to a larger dimension (#modes = M )

* only use the coarse-grained information (unless you have a prior info)
= preserving the coarse-grained observables

* does not mix UV and IR; sufficiently local in momentum space

= a product of isometries!

N—1
V= ®Vi
i=0

N—-1 N—-1
(0...M—-1}=| |C. n:=ICl. ) m=M
1=0

(=0 109/85



Rescaling as isometry

N—-1
V= ®Vi
=0
— [20(@u14 ).

eC,

v does not generate a momentum-space
entanglement

v becomes unitary in infinite modes limit

Co ¢ G
=0 ;1 2 3
o) jof) o)

| 50) | 51) | 55)
= () 1 2
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy a
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy low p a
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Information to Algebra

E (periodic due to a > 0)

A

* |RG still assumes a tensor product

structure £ = #H _ Q #

doubler

* Beyond free theories, tensor product  fermion
structure is not guaranteed

 Without translational invariance,
momentum # energy low p a

We first need to define “low/high energy”... What does it mean??

113/85



Algebraic RG (ARG)

We should distinguish two notions of energy:

» Total energy: £ = J o
p

*| Modewise energy = one-particle energy w, « ‘energy’ in Wilsonian RG

Collective excitations can carry a large amount of energy but this is not a UV
phenomenon, e.g. electromagnetism

114/85



Algebraic RG (ARG)

1. Choose ‘one-particle’ (1p) excitations
Sip = U0}, =7, = span{Slp}
s.t. they are separating on | Q)

— Define 1p Hilbert space & projector
Z,=span{0|Q)|0e€ 7}, P =X,

— 1p Hamiltonian H, = P\HP,| = Z &l €)(&|

l

In free theory

{a)|Q) =|p)},
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Algebraic RG (ARG) In free theory

1. Choose ‘one-particle’ (1p) excitations

.

Sip = {1} U {0}, = 7', = span{$,,,} .

s.t. they are separating on | Q) ta, 1L2) = 1p)},
— Define 1p Hilbert space & projector P, = Z | p){p]|
Z,=span{0|Q)|0e€ 7}, P =X, P

3w

— 1p Hamiltonian H, = P,HP, = ¥ & &){e; -

p Hamiltonian H, {HP, Zel\el)(e‘l\ Z > PP

l P

2. Low-E 1p projection & Hilbert space

Pi=Y leNel = %, =P %, Pip= D IpXpl  Ip<A) ey,

g;<A\ p=A

— Low-E 1p generators 7/, ; = {0 € 7', |0|Q) € ', } a;gA
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Algebraic RG (ARG) In free theory

3. Isometric 1p rescaling

Vi =W7 W, W= Z ( Z | €, )(8 W= { [p)e~p]

aEB P
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Algebraic RG (ARG) In free theory

3. Isometric 1p rescaling

Vi =W7 W, W= Z ( Z | €, )(8 | W = { [p)e~p]

aEB P

4. Double/relative commutant — low/high-E algebra
N S , Oo.Ql. ed, 1.0, €Ay,
A, =T\ V7)) Ay=A;,NA T T

RG is realized as a conditional expectation on &/ .
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Algebraic RG (ARG)

v Applicable to any systems

e No tensor factorization assumed. Not limited to oo dim or continuum.

* Definition of ‘particle’ can be arbitrary. e.g. single-site Pauli op.

» ‘Hamiltonian’ need not be a physical one. e.g. \/ H> — P* (Lorentz invariant)
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Resource theory

Resource theory clarifies which operations can make use of what resources of states.
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Resource theory

Resource theory clarifies which operations can make use of what resources of states.

Given an operation A, which we call the resource-destroying map (RDM),
» Free states Vp € F(A) leave invariant under A:

A(p) = p (free states have no resource to be destroyed)
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Resource theory

Resource theory clarifies which operations can make use of what resources of states.

Given an operation A, which we call the resource-destroying map (RDM),
» Free states Vp € F(A) leave invariant under A:
A(p) = p (free states have no resource to be destroyed)
* (A broader class of) free operations are those commuting with A:
&oA=Ao& (free operations do not generate any resource that can be destroyed)

If p is a free state, A(&(p)) = E(A(p)) = &(p) so free operations does not generate any
resources for free states.
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Resource theory

Resource theory clarifies which operations can make use of what resources of states.

Given an operation A, which we call the resource-destroying map (RDM),
» Free states Vp € F(A) leave invariant under A:
A(p) = p (free states have no resource to be destroyed)
* (A broader class of) free operations are those commuting with A:
&oA=Ao& (free operations do not generate any resource that can be destroyed)

If p is a free state, A(&(p)) = E(A(p)) = &(p) so free operations does not generate any
resources for free states.

» Resource of free states should be zero £(F) = 0 and resource of states never increase
under free operations

0 < Z(&(p) < Z(p), Vp Aeé
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Resource theory

Resource theory clarifies which operations can make use of what resources of states.

Given an operation A, which we call the resource-destroying map (RDM),
» Free states Vp € F(A) leave invariant under A:
A(p) = p (free states have no resource to be destroyed)
* (A broader class of) free operations are those commuting with A:
&oA=Ao& (free operations do not generate any resource that can be destroyed)

If p is a free state, A(&(p)) = E(A(p)) = &(p) so free operations does not generate any
resources for free states.

» Resource of free states should be zero % (%) = 0 and resource Quantify resource X
under free operations given A?

0 < A(E(p) < A(p), Vp T

Example: Entanglement as resource. Local Operations and Classical Communication (LOCC)
Is free operations. Separable states are free. 124/85




Resource theory of RG

Consider the Cesaro mean of each RG step &:

N

This becomes the IR limit when it exists. Even if the IR limit does not exist (e.g. limit
cycles), the RDM exists.

One can show that & __(p) = piff p € F(&). So &_, = A (RDM).
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Resource theory of RG

Consider the Cesaro mean of each RG step &:

(long time average)

This becomes the IR limit when it exists. Even if the IR limit does not exist (e.g. limit
cycles), the RDM exists.

One can show that & __(p) = piff p € F(&). So &_, = A (RDM).

With this, one can information theoretically identify the resource monotone of RG:

R(p) .= D(p||€.(p)) relative entropy from the IR limit
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